Computer Project: The Adjacency Matrix of a Graph Name

Purpose To learn about graph and adjacency matrix, to see how the powers of the adjacency matrix provide
information about the graph and vice versa, and to apply these ideas.

Prerequisite: Section 2.1

MATLAB functionsused: +, ; and adjdat from Lay's Toolbox

Definitions. A graph isafinite set of objects called nodes, together with some paths between some of the nodes, as
illustrated below. A path of length oneis a path that directly connects one node to another. A path of length k isapath
made up of k consecutive paths of length one. The same length one path can appear more than once in alonger path; for
example, 1--2--1 isapath of length two fromnode 1 to itself in the example below.

When the nodes have been numbered from 1 to n, the adjacency matrix A of the graph is defined by letting
aj =1 if thereisapath of length one between vertices i and j and aj =0 otherwise.

Example. Verify that the graph below hasthe matrix A shown asits adjacency matrix.

201000 O~ direct path from node 1 to node 2
Q 10100 lu direct path fromnode2to 1; 2to 3; 2to 6
3 c As €oi10100U
- éO 0101 1L’J
° 4 =000101X )
1 2 6 eO 1011 OLI direct path fromnode 6to 2; 6to 4; 6to 5

Theorem (Interpretation of the powers of an adjacency matrix). If A isthe adjacency matrix of agraph, then the (i,j) entry
of AKis anonnegative integer which isthe number of paths of length k from node i tonode j inthegraph.

1. (hand) To understand what the theorem says for the example above, let's carefully examinethe (6,3) entry of A2. Using
the "Row-Column Rule," the (6,3) entry of AZ lookslike &8s + 883 + 53333 * 5433 + 55353 + Bess3 -

Evaluate each term in this expression (you finish): (0)(0) + (1)(1) + =

Explain what each term in the sum above tells about paths of length 2 from node 6 to node 3. (For example, ag,ay; = (1)(2)

=1, thissaysthat the length one paths 6----2 and 2----3 appear in the graph, and together they give one path from
node 6 to node 3, of length 2.)

2. Type adjdat to get the matrix A above, then type A”2, A*3 and record results:

AZ= A3=
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(b) (hand) Notice that the (1,2) entry of A2 is zero, so thereareno paths of lengthtwo from node 1 to node 2. Verify

this by studying the graph. Similarly, notice that the (6,6) entry of A3 istwo, so thereare two paths of |ength three
from node 6 toitself; study the graph to seethat they are 6--4--5--6 and 6--5--4--6.
In the same way, study the matricesand the graph and answer:

What are the paths of length two from node 2 to itself?

What are the paths of length three from node 3 to node 4?

Definition. When we have agraph, we will say that thereisacontact level k between nodei and nodej if thereisapath
of length less than or equal to k from nodei to nodej.

3. (hand) Suppose A isthe adjacency matrix of agraph. Explain why you must calculate the sum A + A2+ . +AK in
order to decide which nodes have contact level k with each other:

4. Eight workers, denoted W1, .., W8, handle apotentially dangerous substance. Safety precautions are taken but
accidents do happen occasionally. It isknown that if aworker becomes contaminated, s/he could spread this through
contact with another worker. The following graph shows the level one contacts between the workers.

(a) (hand) Write the adjacency matrix A for the following graph:

W5 w4

W8 W7 W6 W1

(b) Store A, type A + A*2 + A3 and record result: A +AZ+A3 =

Usethisto answer the following questions. Which workers have contact level 3 with W3?

Which workers have contact level 3 with W77?

(c) Define what you mean by aworker being dangerous. Be very specific so anyone could decide whether aworker
is"dangerous" according to your definition:

(d) Which workers are the most dangerous if contaminated? Which are least dangerous?

Use your definition, and explain your answers. This part isimportant, but whatever you say is ok aslong asit agrees with
your definition. Usethe back or attach an extra sheet.
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