
Computer Arithmetic Homework, MCS 143

PROBLEMS A1

1. Calculate the relative and absolute error and number of significant digits in (a) ẋ =
.623× 10−3, x = .629× 10−3 (b)ẋ = 125.1, x = 122.2

2. Which of the following agree within a factor of 2: (a) x = 127, ẋ = 223 (b) x = 1.23,
ẋ = .55 (c) x = .000100, ẋ = .000030

3. Find the approximation error (relative and absolute) in using cos(x) = 1−x2/2 for x = .2
and x = .7.

4. Write in base 10 (a) (.1010)2 × 2(101)2 (b) (FFF )16

PROBLEMS A2

1. Suppose integers are stored using binary arithmetic using a leading sign bit and the
remaining bits for the value. What is the integer overflow limit with (a) 4 bits total (a sign bit
and 3 bits for the value) (b) 7 total bits (c) 16 total bits.

2. What is the relative and absolute error in the approximation π ∼= 22/7.
3. What is the overflow limit, underflow limit and machine precision for floating point

numbers with binary storage of 7 bits (including a sign bit so there are six bits for the value)
for the exponent and 23 bits (including a sign bit so there are 22 bits for the value) for the
mantissa. Note that on some computers A ∼= βL and B ∼= βU+1 where L is the smallest
exponent and U is the largest.

4. Show by example that in computer arithmetic a+(b+c) may be different than (a+b)+c.
(Hint: assume a two decimal digit computer with rounding, say).

PROBLEMS A3

1. Let A ≤ |x| ≤ B be the range of a computer. Consider z =
√

x2 + y2. If
√

B < |x|, |y| <
B/
√

2 then the above formula will produce an overflow error even though x, y and z are all with
the range of the computer. Explain why. Recode or rewrite the formula to avoid this problem.

2. Go from (L,U, β, t) description of floating point arithmetic to (A,B, ε) description for
(L,U, β, t) = (−100, 100, 10, 10).

3. If b = base 10, t = 5 and if there are 3 digits for the exponent (a) what it the overflow
limit? (b) What is the underflow limit?

4. On a computer with machine precision of 10−7 find bounds on the absolute and relative
storage errors for (a) 1/3, (b) 1/3× 104, and (c) 600.2.

PROBLEMS A4

1. Find out by experimenting what Matlab gives for 1/0, 0/0 and, if x = 1.0e+200, x*x,
x2, 1/(x2) and 1 / (x * x). Please comment.

2. Consider f(x) = ln(x+
√

x2 + 1) as an algorithm. This will have subtractive cancellation
when x is large and negative. Rewrite f(x) in a form which avoids this difficulty.

3. When will the algorithm z =
√

x4 + 4.0−2.0 have numerical difficulties? Recode to avoid
the difficulty.

4. y = 1.0− cos(x) as an algorithm has numerical difficulties for what x values. For what x
value(s) does y = 1.0 − cos(x) have difficulties as a problem (use L’Hospital’s rule for x ∼= 0).
Recode the algorithm to avoid the difficulties of the algorithm.

1



PROBLEMS A5

1. For the quadratic formula x = (−b±√b2 − 4ac)/(2a): Show that the algorithm is poor
when ac ∼= 0. Suggest an improvement.

2. Determine when y = sin(x) is poorly conditioned as a problem in terms of relative errors
(be careful at x ∼= 0).

3. (a) Show that the problem z = sinh(x) has a relative condition number that is not large
if x is not large ( use L’Hospital’s rule for x ∼= 0).

(b) In spite of (a) show that the usual formula or algorithm sinh(x) = (ex − e−x)/2 has
numerical troubles for x ∼= 0.

(c) Propose a better algorithm that sinh(x) = (ex− e−x)/2 to calculate sinh(x) for x small.
(Hint: Taylor’s series).

4. What is the relative condition number of the problem z = ex. Discuss.
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