
Accuracy of algorithms solving least squares problems

Let the m × n matrix A with m ≥ n have singular values σ1 ≥ σ2 ≥ . . . ≥ σn. Define the
condition number (with respect to the Euclidean or two norm) of A by

κ(A) = σ1/σn. (1)

For an m×1 vector b and a computer with relative machine precision ε, consider the calculated
solution to the least squares problem with

min
x∈Rn

||b−Ax|| (2)

calculated by Householder transformation, the singular value decompostion (SVD) or by modified
Gram-Schmidt (but not the Gram-Schmidt process usually taught in a linear algebra course). Then
one can show that the calculated solution to (2) exactly solves the problem

min
x∈Rn

||b− (A + δA)ẋ|| (3)

where ||δA||/||A|| is O(ε) and, in addition, if x is the true solution to (1) then

||x− ẋ||
||x|| ≤

[
κ(A) +

||r||
||A||||x||κ

2(A)
]

φ ε (4)

where φ is not large.
To solve (2) using the normal equation we must solve

AT Ax ≡ Bx = AT b ≡ c. (5)

However,
Theorem. κ(B) = κ(AT A) = κ2(A).
Proof. Let A = UDV T be the singular value decomposition of A where U is an m×m orthogonal
matrix, V is an n× n orthogonal matrix and D is an m× n diagonal matrix with diagonal entries
σ1, σ2, . . . , σn. Then B = AT A = (V T DT UT )(UDV T ) = V T DT (UT U)DV T = V T DT IDV =
V T (DT D)V . Now B = V T (DT D)V is the singular value decomposition of B since V is an n× n
orthogonal matrix and (DT D) is an n × n diagonal matrix with diagonal entries σ2

1 , σ2
2 , . . . , σ2

n.
Therefore the singular value of B are σ2

1 , σ2
2 , . . . , σ2

n. By (1), κ(B) = σ2
1/σ2

n = κ2(A). QED

Now let ẋ be the calculated solution to (5) on a computer with relative machine precision ε
and let x be the true solution to (5). By our previous results for the accuracy to the solution of a
square linear system

||x− ẋ||
||x|| ≤ κ(B)φ ε = κ2(A)φ ε. (6)

where φ is not large.
Conclusions

• When solving normal equations, (5), the error in the calculated solution is ALWAYS
proportional to the square the condition number of A.

• When solving (2) using Householder transformations or the SVD, if the residual ||r|| is
small the error in the calculated solution is proportional to the condition number of
A, NOT the square of the condition number of A.

• When solving (2) using Householder transformations or the SVD, if the residual ||r|| is
large the error in the calculated solution is proportional to the square of the condition
number of A, NOT the condition number of A.

Comment from Matrix Computations by Gene Golub and Charles Van Loan, third edition,
page 245: ”At the very minimum, this discussion should convince you how difficult it can be to
choose the ’right’ algorithm.”
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