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= H(J, + J2 + J3) + O{H/92(T)}, (4.42)

where

Q .0 dv d
J. :=f fG(v/Q)G(w/Q)Q.(v,w) ¥ for j =1, 2, 3.
(] o J vV w

We shall now use the previous three lemmas to show that J2 and J;

constitute remainder terms of lower order.
By definition of &,(v,w) and (4.38),

V™) dY du

I u
menz2x M, vV w

m,nzo0

ﬂ -
J, = %L j:‘G(v/Q)G(w/Q){P(v,-w) - P(v,w)}{“:f.2

10}
-1 n-1
<<“kz,‘|< + KEK{ m*éleum,nténli v {P(v,-w) - P(v,w)}dvdw},

m.n%o

where
K := ¢*2(T) ~ (loglogT)!2. (4.43)

Therefore, by Lemma 4.7 and (4.39),

Jp << B k{ew(2k) /2K X (c2k/m () I 5 e (90)E + T k{cw(2K) /2K K2k

2¢xéK Kekx
< (/A T (@) /meIE + 1 {cp2r)R? Kk
2¢k <K K<k ,
In the first sum, by (4.36),

cw(2K) /n(y) € cfu/E2 = o(1).
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Therefore the first sum is
< (eI << Qogr) (g,
In the second sum, by (4.43),
R2y(2k) /k < Q2/Vk € Q2/VK = Q2/35(T) = {»(T)} 72
Therefore the second sum is negligible. Thus, we have
3, << (logR)™3/2(£,)72. (4.44)

As regards J;, we have

02
_ < dvdw
Js = %fLG(v/Q)G(w/Q)P(v,wHK; I VGwT W) S
m.nzo
m-1 n 1
<< Rz wmt m n‘—[ / P(v,w)Vv dvdw.
mn3o
m,n =odd

Similar to the argument for J,, we divide this sum into two parts and
use (4.39) to bound the coefficients L The integrals are simpler and
b
are bounded by Lemma 4.8 in an obvious way. The result is

33 << p(T)"2. (4.45)

Finally, we come to the estimation of the main term J;. For any

r>b>0and any £, n € C, repeated integrations show that

;%J”-exp{ X r(xz+ u?) + 2)x° bxu}eznl(x£+un)dxdu

-
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= exp{-12r(£%+ n?) - 272bfn}, (4.46)
where )\ = (r2- bz)%.
From Lemma 4.1, we have
0 -0 dvd
Fo(x)Fo(u) = fG(v/Q)G(w/sz)sincznxv)sin(znuw)-l’—l’
fQ Y - VW

- %Rejr jJ;(v/Q)G(w/Q){eznl(xv -uw) _ 2v1(xv+uw)}dzd¥

Define temporarily
A= (W) - 2R (4.47)

Multiply both sides of the above equation by

21 1"2,.2 2 X-Z

xexp{-) “(x%+ u?)p(y) + 2) “xur(y))
and then integrate with respect to x and u over R2, the left side becomes

1,[ fF F {272 (x2+ u? + 2272 }dxd
™2y Jlg(X)Fg(u)exp (x*+ u®)(y) xut (y) }dxdu.
By (4.46) and the definition of P(v,w), we see that the right side is
dvdw
% G(V/Q)G(w/ﬂ){P(v -w) - P(v,w)}—
f '/G(V/Q)G(W/Q)h(v LR

Thus, in view of (4.2),
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= —i' f gn(x)sgn(u)exp(-\"2(x2+ u?)p(y) + 22 2xut (y)}dxdu
+ 0{]J‘£fw9x)-zsinz(wa)exp{-k-z(xz+ u?)p(y) + Zk-zxut(y)}dxdu}
o
=‘;§‘[/[{exp{-)\-2(x2+ u?)y(y) + 22 "%xur ()}
- exp{-)2"2(x2+ u)(y) - 22 Zxut(y)))dxdu
o
+ 0{jﬂ(ﬂ9x)-zsin2(n9x)exp{ "2 2:p(y))fexp{ 22 u?y(y) + 23~ xut(y)}dudx}
(4

7 o
='1'F§'l fo{exp{'k-zrz(d’(y) - 1(y)sin2¢)}

exp{-x-zrz(w(y) + 1(y)sin2¢)}}rdrd¢

+

-/
0{(X/~/¢’(y))£ (12x) "?sin? (n0x)expl{-)"2x2 (¥ (y) - 12(y)/¥(y))}dx}

]

%—[{(w(y) - 1(y)sin26) ! - (W(y) + 1(y)sin2¢) )dg

+

oo
0{(>~/»/¢(y))£ (vQX)'zsinz(HQX)exp{-xz/w(y)}dx}

Zarctan(t(y)/)) + 0{(k/\/¢(y))fo (19x) "%sin? (10x)dx)}

2\

=1 - 225+ 0D/ET () + 00 (R N).

From (4.47),

2oL + oln () /e () 1)

>
]

e + ot /v ).
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Hence
3= 1 - 2yt + oty e, (4.48)

Finally, collecting the estimates (4.48), (4.45) and (4.44), we deduce
from (4.42) that

T+H
f sgn{lmzy(t)}sgn{lmly(t+h)}dt =H - %I{Zn(y)/r(y)}%
T

+ O{H(logR) 3’2 (10glogT) ¥}.

Thus we have proved

Lemma 4.10. Let T~ =, T® < H < T, N = [¥*(T)] and y = g1/ (4N)

3

Suppose h = R/1ogT, R = exp{(logloglogT)?} and 1 < a < 3, then
T 2H
j‘ sgn{hnZy(t)}sgn{hnZy(t+h)}dt =H - —;(ZIOgR /loglogT)%
-

-1
+ O{H(logloglogT)(logR loglogT) Z2}.
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S. The Approximation of logZ(s)

We mentioned in §2 that Zy(o,t) provides a good approximation to
logf(o+it) for o £ 1. In this section, we shall prove this in a more
precise form. Recall from §2 ((2.5)) the definition

ry(o,t) = logZ(o+it) - Zy(o,t) for y 23, o0& [4,1].

Define similarly,

r;(o,t) := logZ(o+it) - 2;(0,1:) for y

v
w

oe [4,1].

Our main result is

THEOREM 5.1. let T w, TN <HS<T, n>3 and oc¢ [$,1]. If k 45 a

positive integer, € < (n-3)/48 is a fixed small positive number and x =

Ts/k, then

T+H
i {Imr_(o,t)}**at = of(ck)?) (5.1)

and



60.

ToH

{Rerx(o,t)}ZRdt = 0{H(ck)*¥y}. (5.2)

Corollary. If 3 <y < x, we have

TeH

[ time, (0,00 %Kae = otnck e + 1Kz p72%)%) (5.3
T y Y<psx

and

T+H
f (Rer_(o,t)}2Kdt = ofHE(™® + 18 1 p72%kyy,
T y Y<pex

Furthermore, we have

T+H

(mr (o, 2Kat = ok X + ¥ 1 p 2%k (5.4)
y Yepsx
and
T % 2k K, 4k , .k -20.k
f {Rer_ (o,t)}*"dt = O{Hc {k ~ + k ( I p “)"}}. (5.5)
T y Y<pex

The corollary is an easy consequence of the theorem. For example,

T+H T+H T+H .
f {Imr_(o,t)}%Kat < 225 {mr_(o,t)r?Kat +f | © p 0 it Zkgey,
T y T X T yepeX

The last integral, according to Lemma 3.3 (especially (3.10) and (3.7)),

is

k k -20.k k -20.k
< (H+ k )3 << H(ck X .
( x) (ck) (mxp ) (ck) (w‘xp )

Hence (5.3) follows immediately from (5.1).
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Remark 1. Actually, the proof of the theorem shows that we can replace

the O-term in (5.1) and (5.2) by O{H(ck)ZX@/vT)®3 9}  ang
4k 55(3-0) .

O{H(ck) " (H/VT) } respectively. We can take advantage of these more

precise estimates when o0 - 4 is not too small.

Remark 2. The case o = % in (5.1) was first proved by Selberg in [14]
without giving the explicit factor in k. Recently, Ghosh [4] obtained
O{H(ck)Ak}. The slight improvement we obtained here comes from an extra
saving in our Lemma 5.2 which is corresponding to his Lemma 2. This

improves the final results in 8§87 & 8 by a power of logloglogT.

Theorem 5.1 is a rather straight forward generalization of the special
case proved by Selberg. (5.1) and (5.2) are proved by parallel arguments.
At the final step (see Lemma 5.5), we have to estimate a certain sum
involving the zeros of Z(s). The estimation of its real part is more
involved and we cannot do as good as for its imaginary part. This
accounts for the worse result in (5.2). Indeed, we observe that

Rerx(o,t) = log|Z(o+it)| - ReEx(o,t)

tends to -« as 0 + it comes close to a zero of z(s).

In addition to the assumptions in the theorem, we borrow the following

notation from Selberg's paper [14].
For any t ¢ [T,T+H], define

Oyt i< % + 2max{B-4,2/logx}, (5.6)
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where the maximum is taken over all zeros p = B+i¥ satisfying
[t-¥] < x3(B-%)/logx, B 2 4.
We first prove some lemmas.
Lemma 5.1. Let 3 < X < (H//T)%. For any non-negative real number v, we
have

p>§ (8-0)vx(F-9) = O{H(H//T)%(%-o)(cv)v(logT)l-v}.
T<T<TeH

Proof. The essential ingredient of the proof is already contained in

Lemma 12 of [14]. Let

1 if v =0,

) =

v
0 if v > 0.

It is easily seen that
(B-0) " 4
v -0) _ v,u
9>2v (B-0)"X = '7):or {/ d@’x") + 6\)}
T<T¢THH T<TeTrr

-0
=f ) “(vu"'lx“ + uYX"logX)du + 8 ,{N(o,T+H) - N(0,T))
T<Y ¢ T+H

-0
=f {N(o+u,T+H) - N(o+u,T)}(vu’ 1x" + wx%logX)du +
0
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+ év{N(o,T+H) - N(g,T)}.
Selberg has proved that [14, Theorem 1]
N(o,T+H) - N(o,f) = O(H(H//T)%(%-o)logT} for o & [3,1]. (5.7)
Hence, the above integral is
<< nvmyEE 9 (10 T){'[ba V=L x 2007y Fau + thuv "2 /yT)EY
gD{v, v /YT) 2 du logXo u’ (X “H/VYT) 2 du}
<< BT 79 (10oT) ({3 10g (X 2H/VT)} VT (v1)
+ {3log (X 2H/VT)} "V 1T (v+1) logX)
<< BT 279 ()Y (logT) 17V
Evidently, the term 6v{N(o,T+H) - N(0,T)} has the same upper bound. J§
This lemma will also be used in chapter two. An easy consequence of

this is

1
Lemma 5.2. Suppose 3 < x’X? < (H/VYT)®. For any non-negative real

number v, we have

(o, .- oyVx (%" g = o TR0 VR (b)Y (1ogT) V).

’wt’c X,
Tt ET+H

Proof. By definition of Oy ¢» 8 crude estimate shows that the integral is
3
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230D

)
logx  prifeep
T-R<T<T+2H

(3+2(8-3) -0y x FF2B-2)=0) |y /1000y Vx4/ To8x,

The first term can be written as

v ¥#o-3) , ]
; ;{"9" p>§(¢r**) {E"%(C"*"%)}v(x:'Xz)(B ‘21(0"'%)).
T-H<‘151,'+2H

By Lemma 5.1 and the fact that logx ='§logT, this is

<< Hk(HVTFE D) (cuy® (1ogT) ™V

Clearly, the other term is << Hc”'KkV(1ogT)™ if o< 3 + (4/1ogx),
g

and is zero otherwise. This completes the proof of the lemma. [}

For o ¢ [4,1], define

kt = A(0,x,t) = max(ox’t, o). (5.8)

Lemma 5.3. Let {an} be a sequence of complex numbers such that

(i) a_ =0 if A(m) =0,

(ii) there is a positive constant c such that Iaprl < crlapl for all p and

r 2.

Then, for any integer m, k < m < 16k, we have
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T+H
-\ =it 2m,, _ m 2. -20
_[; I,,),:(sann |“"dt = O{H(cm) (“‘z‘.xslapl P ).
Proof. First of all,
fan it = 3a Oty 5 @ M- 70 it (5.9)
nex® N nex? N nexd 1 -
The first sum on the right decomposes into
-0-it -20-2it -ro-rit
I + I .a + I L .
pex3 app pe x¥ pzp pex® piex3 ap,.p
re3
By assumption (ii), the double sum is
<< gl |p73 << (1,1a |?p2%)2
pex* P pex’ P ’
by Cauchy's inequality and (0.3).
Hence
TH it 2 9 +H it 2 »
f | £,an 91t mdt<<3m{f | I a p 9 %t %Mge
T nex® 11 T pex® P
T+H
-20-2it 2m 2_-20.m
+/ dt + H( L .
|1 Bw?p2P I (Zslagl®p “)7)
By Lemma 3.3, the first integral on the right side is
3m 2. =-20.m m 2. -20.m
<< + ! << )
(H+ x" m (ME,Iapl P ) H(cm) ('}x,lapl P )
Similarly, the second integral has the same upper bound. Consequently,

-we have
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T nsy® I

T+H
[0 28,0707 M << H(em)"( 3, 2, 177", (5.10)

In view of (5.9), it remains to show that

TtH
-kt _ -0y _-it 2m m 2 _=20.m
JC Iﬂgéan(n n )n | “Mdt << H(cm) ('g}lapl p ).

In fact, we shall prove the stronger estimate

T+H
-X\¢_ -0, =it 2m m 2_-20 m
-L |ﬂ§ﬂan(n n )n |“7dt << H(cm/logx) (m§3'3P| p * logp) .

(5.11)

Let £ = (H//T)l/((’l’m) so that

logt = ﬁlogT for some ¢ > 0. (5.12)

Clearly,

At o
fa_(n M- n"%n it = T[ (Ia_logn n 2" Mydu <<j’ |fa_logn n % i%|du.
n (o8 n (-4 n

For any u e [o,\ ],
iEanlogn n-u-itl = |g" Eanlogn (in)-un-itl

|4 fa logn n-iﬁﬁ (¢n) Vlog(En) dv]|

IA

£27%) £°7|1a, (logn) (logem)n " ¥ |av

IA

Ext-i[ EO-VIEén(logn)(logEn)n-v-itldv.

Hence
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Zan(n-x‘- n-g)n-it << ()‘t-o)ih-oor EO-VIZan(logn)(loggn)n-v-itldv.
Consequently,

TeH )
j- | L.a (n—x'- n_o)n-ltlzmdt

T nex3 N

“TrH - i
<< (At-o)zmgzm(xt-o){[ £°7Y) g,an(logn)(login)n-v-ltldv}zmdt.
T c "

By Cauchy's inequality, this is

T+H
< (xt-c)“mg""‘(x' aCOFISEN

Py o T+H
xg[ g°'Vdv}2m'%g[ £°-Y£ Ingpan(logn)(1og£n)n-v_lt|4mdt dv}%.

By Lemma 5.2, the first integral is << H(cm/logT)*™, and by (5.10),

4mdt

T+H .
j. | Ia (logn)(login)n-v-ltl
T mex3 D

<< H(cm)?™{logx 1og2(£x)}2m(“§, laplzp'zologp)zm-

Collecting these estimates, we have

T+H
_L I'“lean(n-kt - n-o)n_ltlzmdt

X

<< H(cm)sm{(loggx)/logi}zm(logx /long)m(PgaIaplzp—zologp)m.

In view of (5.12) and the fact that 1logx = ilogT , this last expression



m 2_~20 m
<< H(cm/logx) (ME!Iapl p " logp) .
Our lemma is thus proved. |j

We shall now follow the argument of Selberg in §4 of [14].

Define
A(n) for 1 £ n < x,
Ax(n) :=¢ A(n)=x3{log?(x*/n) - 2log?(x%/n)}/log?x for x < n < x?,
A(n)x${log?(x*/n)}/log?x for x? < n < x3.
Clearly,

[A,(n)] £ A(n) for all n 2 1.

Imitating Selberg's method, we can prove

Lemma 5.4. For any t & [T,T+H], t # ¥ and o ¢ [3,1], we have

68.

(5.13)

T .A_x_Ql)n'o“it + 0{(logx)'1x%(%'o){Ing):“Ax(n)n"O‘itl + logT}}

(nex’ Togn

for ©

logZ (o+it) =<

\ 2 Mn-ox,t -it +

nex> logm

X,t’
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+ 0{{(logx)-1x%(%-0*')+ (ox’t- o)}{lngan(n)n-o“’-itl + 1logT}}

Ot

- - N ¢ N | <
Zp . (Ox,t u) (utit-p) (ox,t+1t p) "du for 3 <o <o

Using the notation Xt defined in (5.8), we can rewrite (5.14) as

oy -o-it _ -\t _ -0, _-it
logg (o+it) Pﬁ):x p =L@ P )p

+ 3: r-lp-r()\t-%it) + I Ax(n}n-)‘s-it
by .

p" x<nsx® Togn
v

W

+00{Clogn) I 4 (- ) I_E A mn 7T 4 10gT)) - (o0,

where
At 1
- _ e NT AN |
L(o,t) = ij;()\t u) (u+it-p) ()‘t+lt p) “du.
Without much effort, we can deduce the following estimates
Lemmas 5.2 and 5.3.
T+H

(1) l; LE 7 p™%p % Rae = ota(en)®).

TrH .
2) j’ | 3 r-1p-r(x,+1t)|2kdt - O{H(ck)k( 3 p-4o
Pex (27

T 32

)Y

T+H
Ax(n) -Ag-it 2k, _ k -20
(3) f Ix<r§$x3_—109"'n |“7dt = O{H(ck) (qusx,p )7}
T+H

(4) jc lng,Ax(n)n-xt-it|4kdt = O{H(ck)Zk(logx)Ak}.

T+H N
5y [ x@0)%kge o oppy2k(omh)y
T

x,t'(

(5.15)

from

5.14)






