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7. The Number of Sign Changes of S(t)

In 1935, Titchmarsh [15] proved that S(t) * has an infinity of changes
of sign. This was then improved by Selberg [14] in 1946. Among other
things, he proved that S(t) changes signs at least
T(logT)1/3exp(-c/10glogT) times in the interval (0,T). Later, he

(unpublished) further improved this to T(logT)l-s for any £ > 0.
Let T(T,T+H) be the number of sign changes of S(t) in the interval

[T,T+H]. In this section, we shall make use of Theorems 6.1 and 6.2 to

obtain upper and lower estimates for T(T,T+H). Our main result is

THEOREM 7.1. Let T+ w, T" <H < T and 1 > 4. There exists c > 0

such that

T(T,T+H) 2 cH(logT)exp{-c(logloglogT)?}, ** (7.1)

- . - - - —--—————-——--

*  S(t) := n-lhnlogc(%+it). See §1.
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-1
T(T,T+H) < cH(1ogT) (logloglogT) (loglogT) 2. (7.2)
Proof. We first prove (7.1). Let
2
h = R/logT and R = exp(c,f;),

where c; is a large constant. With this h, Theorem 6.2 asserts that

T+H
J[ sgn{S(t)}sgn{S(t+h)}dt = H - 2ﬂ—1/(2C1)H£3//£2 + O(HE;/VE2)
T .

IA

1
H - (Cl)aﬂfg/\/ﬁz, (7.3)
when c; is sufficiently large.

Let v = [H/h]. Evidently,

T+h TeH

V-

ﬁf sgn{S(t+nh)}sgn{S(t+(n+1)h)}dt =J£ sgn{S(t)}sgn{S(t+h)}dt + 0(1).
T nee
Hence, by (7.3), there exists t & [T,T+h] such that

}1§isgn{S(t+nh)}sgn{S(t+(n+1)h)} <H - (Cx)%Hﬁa//fz + 0(1).

The sum on the left is equal to

** By a more refined argument, we can show that: under the RH, T(T,T+H)

2 cH(logT)exp(-clogloglogT).



98.

v - 2x(number of negative terms) Z v - 2T(T,T+H).

Thus

T(T,T+H)

v
b

v - 51 - (e)3Ea/vEs) - 0™h)

%(c;)%H(logT)fgexp(-cliz)//ﬁz -om™h 2 cH(logT)exp(-cﬁz)

where ¢ = 2c;. This proves (7.1).

We now turn to the proof of (7.2). From the discussion in §1, we know
that S(t) decreases steadily when t is between two consecutive ¥'s and it
jumps when t passes from ¥ to K+. In fact, if there are n zeros with the
same ¥ (multiple zeros counted according to their multiplicities), then
S(X+) - S(¥)=n. Incasen 22, we adopt the following convention. Let

Pj = Bj + ixj, j=1, 2,..., n, be all the n zeros having the same

ordinate ¥. That is

L$!

¥2
We define
s’y = s(¥7,,) for j= 1,2,..., n-1
k| j+1
so that under this convention,

5(¥,,1) = S(¥) + 1 for j=1, 2,..., n-1.
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(Note: S(¥,) = S(Xg) -3 =5 + 1)

It is easy to see that S(t) changes from negative to positive precisely
at those jumps corresponding to |S(¥)| < 4. Of course, it changes from

positive to negative at the same frequency. Therefore

»oly)
T(T,T+H) = 2x(number of p = B + i¥ such that |S(¥)| £ 3). (7.4)

Let {pj = Bj + inl j =1, 2,..., v} be the sequence of zeros in the

rectangle: 0 < 0 < 1, T < t £ T+H such that

¥,

IA

¥2

A
A
o2

Since N(t), the zero counting function, is constant over the intervals

xt

3 X3+1), we have, for any ''reasonable" differentiable function f(x),

A
l; £'{S(t)}dN(t) = 0 for j = 1, 2,..., v-1. (7.5)
A

Recall from §1 the formulas

N(t) = 9(t) + 8(v),

9(t) = (t/2m)log(t/2me) + 7/8 + O(t 1).

We also know that

3'(t) = (1/2m)log(t/2m) + O(t 2).
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Adding the equations in (7.5)2for j=1, 2,..., v-1, we have

0= vi'ﬂ £'{S(t)}dN(t)
1 g

Y

V-l 1‘:‘
f £'{S(t)}do(t) + ’zfy, £'{S(t)}dS(t)
T+ -l ;

7

]

W
) e - o +
(1/2m) l; log(t/2m) £'{S(t)}dt + ’5 {f{S(Xj+1)} f{S(Xj)}}

%
+ O{T'zj;* |£'{S(t)}|dt}

%
(1/2w)1og(T/2w)«j;, £'{s(t)}dt - i}'.' {f{S(x“j”)} - €Hs@DDH
TeH +
w0l [ 1 ts)lae + BN + [EHs@DID.
T
Let
Af(x) = f(x+3) - f(x-%) for x £ R.
The second sum on the right side above is
14 v
I {£{S(¥.)+3} - £{S(¥.)-3)}} = I Af{S(¥.))}.
4=l J J = J

Hence

)
’.g Af{S(Xj)} = (1/2m)1log(T/2m) f( £'{S(t)}dt

%

ToH .
s o IE sy de + IHSE + IHSEI. 0.
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We now take f(x) to be the following function:

sgn(x) if |x] 2 1,

f(x) =

x if |x| < 1.

The graphs of f(x) and Af(x) are:

Ay 7Y
Y:-F(X) Y= A{(X)
wh /ﬁx)_ (1)
o % =73 © 7Y > x

(C )]

For this particular f(x), we see that Af(x) majorises X_% 1(x), and
32

f'(x) = X_q 1(x). * In view of (7.4) and (7.6), we have
v 1 T+H
T(T,T+H) € 2 ¥ Af{S(¥.)} ==log(T/2m) X {s(t)}dt + O(H).
2! J i T “1,1

Now we use Theorem 6.1 ((6.12)) to estimate this integral, the result is

% f(x) is not differentiable at x = x1. However, this does not cause any

trouble because we can smooth the cormners.
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£

T+H (/.
f X_q 1{S(t)}dt = Hf
T b

? 2
e ™ dqu + O(HEs/VEs) = O(HE:/VEL).
“tmig,

Hence
T(T,T+H) < CH(lOgT)f.:/\/f.z

for a sufficiently large c. This proves (7.2). B

We notice that the upper estimate in (7.2) actually comes from the
error term on the right of (6.12). If the asymptotic formula (6.12) were

better, say

T+l a’
_f (/e s(e))at = Hf e ™ au + o2y, (7.7)
T ®© «

we can obtain an asymptotic estimate for T(T,T+H). Indeed, by choosing an

f so that Af approximates x_% 3 we deduce from (7.6) and (7.7) that
1 3
Z X -3 %{S(X )} ~ ——~H(n/£z) logT.
In view of (7.4), we have the following

CONJECTURE.

-1
T(T,T+H) ~ H(mloglogT) Z?logT.
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§ 8. The Distribution of The a-values of Z(s)

Let a be a fixed non-zero complex number. We denote by p = B + i¥ *
the generic zero of ¢(s) - a, the so called a-values of Z(s). Throughout

this section, we assume

To>w, T"<HS<T and n > 3.

For any o < o', M(0,0') denotes the number of p satisfying o < B < o' and
y

T<¥<T+ H.

The function M(o,0') has been studied extensively as a counterpart to
the familiar function N(¢,T). For example, it has been proved by Bohr and

Jensen ** that

-
w

Except for a couple of occasions, p = B + i¥ is used in this section to

denote a typical zero of Z(s) - a.

** See chapter 11 of [16] for more details.
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M(o,0') ~ c(0,0")H
for 4 <o <o¢' < 1.

In this section, we shall make use of Theorems 6.1 and 6.3 to
study M(o,0') when o is very close to 4. We know that Z(o+it) =+ 1
uniformly in t as ¢ » «. So, if a # 1, M(o,») will be zero when o is
sufficiently large. On the other hand, the number of 1-values of Z(s) in
- every rectangle: 4 <0< B <o', T<¥ <T+H is a multiple of H. So we
consider two separate cases according to the distances between a and 0 or

1.

Our first theorem does not depend on the results in the previous

sections.

THEOREM 8.1. Let 0 < 8 < 0.01 and ¢ < 0.

(1) If 6 < |1-a] £ 81, then

T+H T+H T T

H
M(o,=) = 7 logTmr - 77 logzz -

zr + 05(logT)
=2—}3, log;% + 06(H2T'1). (8.1)
(2) If |1-a| < 6, then
T+H, T+H

M(0,4) = S5 logHsr -};rlog%;—, - (1 + 1og2)%1? + Oé(logT)

= 7+ logg + O, (H).
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If RH were true, then both results remain valid for any fixed o < 3.

Proof. The proof makes use of the argument principle in a familiar way,

so we only give a brief sketch.

Case (1) 6 < |1-a] < &7 1.

Let oo = 4 - 2logd. It is easy to check that in this case, Z(s) - a
has no zeros on the right of the line 0 = 0,. Let R be the rectangle with
vertices at the points o + iT, o, + iT, o¢ + i(T+H) and o + i(T+H).
Starting from o + iT, we describe R counterclockwisely and denote its four

sides by Li, Lz, L3 and L, respectively. We may assume that L, and L; do

not contain any zero of Z(s) - a.
Apply argument principle to R, we have
21M(0,%) = 2mM(0,00) =”§' by are(z(s) - a). (8.2)
It is easy to see that
ALzarg{c(s) - a} = 0(1). (8.3)

Apply Jensen's formula to circles centered at o, + iT and o, + i(T+H)

respectively, we can show that *

* Use the same type of argument which proves that S(t) = O(logt). See
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ALlarg{C(s) - a}, ALaarg{C(s) - a} = Oé(logT). (8.4)

It is well known that {(s) satisfies the following functional

O
v

relation

£(s) = x(s)¢(l-s) for all s ¢ C,
where
x(s) = 7 I {3(1-5)}/T (ds).
When |[t| is large,
X(otit) = (2m/0)0 FHTIEHET L (14170 (8.5)
and

[x(o+it)| = (2v/t)°'%- (8.6)

The major contribution to M(o,~) comes from ALharg{C(s) - a}. Indeed,

due to the factor X(s), [Z(s)| is very large for o £ 0. Hence

AL“arg{C(s) - a} = AL“argC(s) + 06(1)

[6, p.69].

* [16, eqn.(2.1.9)].
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]

AL“argx(s) + ALhargC(l-s) + 05(1)

argXx (o+iT) - argx(o+i(T+H)) + Oé(logT).
Combining this with (8.3), (8.4) and (8.2), we have
M(o,=) = E%{argx(o+iT) - argx(o+i(T+H))} + 0, (logT).

By (8.5), the first two terms on the right side give the main term in

(8.1).

Case (2) |1-a] < 6.

Take 0 = 4 and repeat the previous argument. The only difference
here is that, on the line Re s = 4,
4-it f _-s

+ In ",

m=3

Z(s) —a=1-a+ 2

4-1it

and 2~ is the dominating term. Therefore

by, arel(e(s) - a) = ALzarg(2'°'it) + 0(1) = -Hlog2 + 0(1).
The rest of the proof is the same as in case ().
Finally, we notice that the condition ¢ < 0 is utilised to make sure
that |[Z(o+it)| is large for t ¢ [T, T+H] when we estimate ALbarg{C(s) - a}.

Under the RH, this is still true for any fixed o < 3. This justifies

the last statement of the theorem. JJ



108.

Now we come to studying of the distribution of a-values in the vicinity

of the critical line. We assume, for the rest of this section,

0 £ 0 <1 unless specified otherwise.

Similar to the situation in Theorem 8.1, we consider the two cases:

(1) &< |1-a], 6 < |a] < 671,

(2) |1-a] < 8.

Let

max(4 - 2logb, 2logT) for case (1),

Cg

4 for case (2).

Denote by R the rectangle with vertices at the points o + iT, oo + iT,
g + i(T+H) and o + 4i(T+H). Starting from o + iT, we describe R
counterclockwisely and denote its four sides by L, Lz, Ls and L,
respectively. Since Z(s) - a has no zeros on the line o = o,, we can
define in R the function log{Z(s) - a} in the same way as we define

logZ(s). A familiar lemma of Littlewood* says that

M(v,o0,)dv = (-1/2ni)vg_[ log{z(s) - a} ds. (8.7)
- v

- m e - .- --—-—-—-——-----

* [16, p.187 eqn.(9.9.1)].



The integral on the left side is the sum

z (B'o)’

o< pe
T<¥<T+H

which is a real number. Therefore equation (8.7) is

T+H ) fT"H
- 1 , _ . . _
“ﬂiw.(ﬁ-o) = 5 B log|Z (o+it) aldt 71 1 log|Z(og+it) a|dt
T<T€TYH

(-3
+ E%L{!mlog{c(oﬁi('fﬂi)) - a} - Imlog{z(a+iT) - a})da.

The last integral is

-ALzarg{C(s) - a} - ALlarg{C(s) - a} = Oa(logT),

by (8.4). So we have

=1 -
ve feq; (B0) = z5(1 = I ) + 05(logT),

T<7<T+H

where

j-T*H T+H
I, = - log|Z(o+it) - al|dt and IUo = . log|g(oo+it) - aldt.
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(8.8)

The analysis of Io is rather elaborate. We shall do this in the next

four lemmas.
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Lemma 8.1. For 3 <0 <1,

3(3-0) "y
y O{H(H/VT) } unconditionally,
T+
L log|g (o+it)|dt =

0(logT) under RH.

Proof. Equation (8.8) is valid for any complex number a. In particular,

when a = 0, it becomes

T+H

log|¢(o+it) [dt = 21 I (B-0) + 0(logT).
T<7£T+H

Here in this lemma, B + i¥ denotes ordinary zeros of Z(s).

Under the RH, the sum is zero and the second assertion is evident. On

the other hand, without any assumption, the proof that

L (B-o) = ofH(H/vT)E(370)y

o<p
T<74T+H

for o £ [4,1] is very difficult. It is equivalent to proving that
N(o,T+H) - N(o,T) = O{H(H/vT)2(2"9) 1047} .

This celebrated theorem was first established by Selberg [14, Theorem 1]

in 1946. |}

Let
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A = min(1,%|al) and B = max(1,2]al),

so that A ¢ [46 , 1] and B £ [1 , 2/8]. Let*

Pl(o) = <‘C(O+it)l’ 0, A>)
Pz(c) = <|C(0+it)l, B) ”?’
P3; (o) = <|g(o+it)]|, A, B>.

Clearly, P;(0) u P,(0) U P3(c) = [T,T+H].
For any o £ [4,1] and any o' > @, it follows from (6.11) that
ull )
I<lg(o+it) ], e, a'>| = H_& e ™ du + O{H{1082¢(0,T)}{¢(0,T)}-%}, (8.9)

where 1 = (loga){nw(o,T)}-% and n' = (loga'){ww(o,T))-%. In particular,

if loga, loga' <<s log?y(0,T), then

I<lt(o+it)], a, a'>] = 04{H{log?¥(c,T)}{¥(0,T)) F). (8.10)

- - - -

ol
o

The general notation <f(t),a,a’'> := {t ¢ [T,T+H]| £(t) € [a,a']} has

been defined in (6.1).
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Lemma 8.2.

Hilog|a| + O5{H{1log?¥(s,T)}{(¥(0,T)) ¥}
if 34 <051,

[ log|z(o+it) - aldt =
(o)

OB(H) if 0 <0< %, (8.11)
Proof. (8.11) is evident because log|g(o+it) - a] = 05(1) for t £ P,(0).
Assume 3 < 0 < 1. By (8.9) and (8.10),
IPr(o)] = I<lz(o+it)], 0, 1> - [<|z(o+it)|, A, 1>]

= 31 - 0,4{H{1log¥(0,T)H¥(0,T)} 2}, (8.12)

For any t ¢ P,(0),
log|Z(o+it) - a| = logla| + OsClz(o+it) ]).

Hence, in view of (8.12),

[ toglz(otit) - ajat = suiog|al
B©)

+ 05l{1og% (0,1} (w0, 1) % + [ |zcotit|ar 3.
R@®

The integral in the remainder term can be broken up into

f + f ot+it)|dt.
(O, 'Y‘(al'T)i'> <‘l'(d;T)-',A) I C ( ) |






