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9. The expression 7013 X 2" + 1 is composite for 0 < n < 24160 [15]. Duncan
Buell & Jeff Young have sieved out 325 further candidates n < 10° which might
yield a prime. None is known, though it’s likely that there is one.
10. The number 78557 X 2" + 1 is always divisible by at least one of
3,5,7,13,19, 37,73 [26,27]. For this and the previous example, see also B21 in [12].
11. R. F. Fortune conjectured that these differences are always prime: see [8], [9]
and A2 in [12]. The next few are 37,61,67,61,71,47,107,59, 61,109, 89,103, 79.
There’s a high probability that the conjecture is true, because the difference can’t be
divisible by any of the first k primes, so the smallest composite candidate for
P =Tlp, is p?,,, which is approximately (k In k)? in size. The product of the first
k primes is about e*: to find a counter example we need a gap in the primes near N
of size at least (In N Inln N)2 Such gaps are believed not to exist, but it'’s beyond
our present means to prove this.
12. This is N. L. Gilbreath’s conjecture, which has been verified for k < 63419 [16].
Hallard Croft has suggested that it has nothing to do with primes as such, but will
be true for any sequence consisting of 2 and odd numbers, which doesn’t increase
too fast, or have too large gaps: Al0 in [12]. In an 87-08-03 letter, Andy Odlyzko
reported that he had verified the conjecture for k < 10°.
13. D. H. & Emma Lehmer discovered that 2" = 3 (mod n) for n = 4700063497,
but for no smaller n > 1.
14. The kth Lucas number and the (k + 1)th Fibonacci number are

1+‘/-5—k 1_‘/5—1( 1 1+‘/—5—k+1 1_‘/—5—k+1
e R e B e I
Their ratio, as k gets large, approaches (5 — V5)/2 = 1 - 381966011, whereas
51/% = 1 - 379729661. The next few convergents to 5'/3,

40 109 912 1021 26437 27458

297 79 ° 661° 740 ’ 19161° 19901°
do not involve Fibonacci or Lucas numbers. Compare sequences 256 & 260 and 924
& 925 in [28]. This example goes back to 1866 [25].
15. This is quite fortuitous [30]. Put x = y = 1, giving 22"*! — 2 = 2n + 1) X 2 X
37~1 It’s true that

22 -1=3x 3% 24—-1=5x 13, 26-1=7x32

but it’s clear that the pattern can’t continue.

16. The (n + 1)th hex number, 1 + 6 + 12 + - -+ +6n = 3n? + 3n + 1, when ad-
ded to n?, gives (n + 1), so the pattern is genuine. It is instructive to regard the nth
hex number as comprising the three faces at one corner of a cubic stack of n* unit
cubes (FiG. 6).

17, 18, 19, and 20 are examples of Moessner’s process, which does indeed produce
the square, cubes, fourth powers and factorials. Moessner’s paper [20] is followed by
a proof by Perron. Subsequent generalizations are due to Paasche [22]: see [19] for a
more recent exposition.

21. A thinly disguised arrangement of Euler’s formula, n? + n + 41, which gives
primes for —40 < n < 39. For n = 40, n?> + n + 41 = 412, See Al and Fig. 1 in
[12]. For remarkable connexions with quadratic fields, continued fractions, modular
functions and class numbers, see [29].
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F1G. 6. The fifth hex number.

22. The initial pattern is explained by the facts that if n is odd, n* + 1 is even, and
17 X 2" — 1 is a multiple of 3. Thereafter it’s largely coincidence until n = 24, for
which n* + 1 = 331777 is prime, while 17 X 2" — 1 = 285212671 = 149 X
1914179. See [17], [24] and sequences 386 and 387 in [28].
23. This is also a coincidence, until we reach n = 18, for which 21 X 2" — 1 =
5505023 is prime, while

7 X 4" + 1 = 481036337153 = 166609 x 2887217.

See [31], [23] and sequences 314 & 315 in [28].

24. A sequence introduced by Fritz Gobel. A more convenient recursion for
calculation is (n + 1)x,,, = x,(x, + n),(n > 1). If you work modulo 43, you’ll
find that for

n =01234 56 7 8 9 10111213141516 17 18 19 20 21
, =12351028 25371020 15 38 19 42 36 34 2 3539 3113 2
n=22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42
x,=6 262829 4 1442 5 2017 4 20 16 29 42 13 42 20 8 23 33

and x,,(x4, + 42) = —10(—10 + 42) = — 320, which is not divisible by 43, so x;
is not an integer, although x, is an integer for 0 < n < 42.

X
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25. Similar calculations, mod 89, using the relation (n + 1)y,., = y(»2 + n),
show that yg, is not an integer. For this, and the previous example, see E15 is [12].
26. Since this question was asked, Henry Ibstedt has made extensive calculations,
and found the first noninteger term, x,, in the sequence involving k th powers, to be

kK 2 3 4 5 6 7 8 9 10 11
n 43 8 97 214 19 239 37 79 83 239

He also found corresponding results with different initial values. The longest to hold
out (n = 610) are the cubes (k = 3, Example 25) with x, = 1, x; = 11.
27. The first cyclotomic polynomial to display a coefficient other than +1 and 0 is
q)los(x) = x% 4 x4 4 x4 x4 9yl 40 _ (39 4 (36 4 (35 4 (34
FxP g 32 Bl g2 24 22 420 L 417 4 od6 4 (15 L (14
+xP+ x2 =X =X 2xT - xf - X+ X2+ x+1
Coefficients can be unboundedly large, but require n to contain a large number of
distinct odd prime factors; see [8]. More recently, Montgomery & Vaughan [33] have
shown that if ®, = Xa(m, n)x™ and L(n) = Inmax,, |a(m, n)| then, for m large,
"« L(n) < "~

(In2m)/* (nm)7*"

28. This game was misremembered by John Conway from John Isbell’s game of
Beanstalk [13]. The Fibonacci pattern is not maintained: only 52 of the first 89
numbers, 81 of the first 144, 126 of the first 233, and 201 of the first 377, are
A~-positions. The probability argument is fallacious: the probabilities of the status of
the two options are not independent.

29. True, but why the coincidence?

30 and 31. The patterns of powers of 2 and of binary digits of V2 both continue;
see [11], [14] and sequence 206 in [28].

32. A different sequence, number 207 in [28], which agrees for n < 9, but then
continues 28, 41, 60, 88,129,189, 277, 406, 595, 872, 1278, . ...

33. If y = x* and y,(1) denotes the value of d"y/dx" at x = 1, then

31 @) = 3D + (1 )32 = (3)320) + 2(5) 320 = 3 ) -4 (D)

F—t e (=1)"(n = 1.

This was not known to be a multiple of #» + 1 when it was submitted to the
Unsolved Problems section of this MONTHLY by Richard Patterson & Gaurar Suri.
But in an 87-05-28 letter, Herb Wilf gives a proof, using the generating function for
Stirling numbers of the first kind. His proof in fact shows that n(n — 1) divides
(1) just if n — 1 divides (n — 2)!, which it does for n > 7, provided that n — 1 is
not prime.

34. This sequence was investigated by Jim Propp. Except that a(12) = 55, the
pattern of Fibonacci numbers does not continue:

n=11 12 13 14 15 16 17 18
a(n) =35 55 93 149 248 403 670 1082

Since this was written, Wilf [21] has linked the generating function with Ramanujan’s
continued fraction, and he observes that the numbers of propper partitions with &
coins in the lowest row are yet another manifestation of the Catalan numbers,
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1,2,5,14,42,... [7]. These partitions are a variant of some considered by Auluck
[1]. Auluck’s partitions have the pennies contiguous in every row, not just the
lowest. Their numbers 1,1,2,3,5,8,... are another good example of the Strong
Law.

35. The expansion of the product as a power series, is

1+ x2+ x%+ x4+ 2x5 4+ 2x5 4+ 3x7 + 3x® + 4x° + 5x1° + 6x!! + 7x!2 + 9x13
10x™ + 12x1° + 14x16 + 17xY7 + 19x'8 + 23x1% + 26x2° + 30x2! + 35x22
+40x2 + 46x%* + 52x% + 60x% + 67x27 + TTx® + 8Ix® + --- .

The sum is the same, until. .. +31x2 + 35x%2
+41x2 + 46x%* + 54x% + 60x% + 69x% + 78x28 + 89x% + .- - .

This was entry 29 in Chapter 5 of Ramanujan’s second notebook [2], [3]: but he had
crossed it out! :
Let me know if I've missed out your favorite example!
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A BIRTHDAY GREETING

The readers and editors of the MONTHLY send their warm best wishes to Professor I. J.
Schoenberg, who has contributed so much to mathematics in general, and to the MONTHLY,
in particular, on the occasion of his 85th birthday.

The American Romanian Academy has recognized the occasion by conferring on him an
award, “In recognition of his distinguished contributions to the advancement of scholarship
in the sciences, in the spirit of free exchanges of values and ideas.” His publisher, Birkhauser,
has recognized the occasion by publishing two volumes of Dr. Schoenberg’s mathematical
writings, edited by Carl de Boor.





