The ratio test for positive series
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Theorem. Let Z an be a series such that a, > 0 for all n € N, and suppose that
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lim L — 1.
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Then:
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1. If L <1, then Z Gp CONVETYES.

n=1
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2. If L > 1, then Z a, diverges.

n=1
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Proof. Suppose L < 1. Let € = —5 >0,andlet r = L+e= % < 1. By the definition

a
of lim —L = L, there exists some natural number K = K(€) such that if n € N, n > K,
n—0o0 (U,
a
then |—L — L‘ < €. Therefore, for n > K, we have
G,
a
n+1 <L+e=r
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Since ap41 < apr for n > K, an easy induction then shows that for m > 1, agym < agr™.
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It follows that the series Z an = Z a K +m converges by comparison with the geometric
n=K+1 m=1

o0
series Z agr™ (r < 1). Then, since finitely many terms do not affect the convergence of
m=1

o0
a series (see PS07), Z ap converges as well.
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Suppose L > 1. Let e = — >0,andlet r =L —¢= % > 1. By the definition
of lim 2rtL — L, there exists some natural number K = K (¢) such that if n € N, n > K,
n—0oo (U
then Intl _ L‘ < €. Therefore, for n > K, we have
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fnt1 >L—e=m.
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Since apy1 > anr for n > K, an easy induction then shows that for m > 1,
AR 1m > agr’™.
o oo
By an argument similar to the L < 1 case, the series Z an = Z ax+m diverges by
n=K-+1 m=1
o
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comparison with the geometric series Z agr™ (r>1), so Z an diverges as well. ]
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