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The fundamental groups of complete squared complexes are a class
of groups, some of which are not residually finite. A method is
given for embedding the fundamental group of a complete squared
complex as a subgroup of a square of finite groups, all of whose
(Gersten-Stallings) vertex angles are < 7/2. It is also shown that
every square of finite groups, all of whose vertex angles are < 7/2,
can be embedded in a non-positively curved triangle of finite
groups. In this way, a non-residually finite, non-positively curved
triangle of finite groups is obtained.

1 Overview

It has been known for a long time that the free product of two finite groups
amalgamated along a subgroup is residually finite (in fact, virtually free).
From a geometrical point of view, an amalgamated free product of two finite
groups is just an edge of finite groups in the sense of Bass and Serre. Here, a
‘vertex’ group is associated to each 0-cell of the edge, and an ‘edge’ group is
associated with the 1-cell of the edge. There is an inclusion of the edge group
in each of the vertex groups. The amalgamated free product is then just the
free product of the vertex groups, with their edge subgroups identified.

In the 2-dimensional generalization, a group is associated with each cell of a
polygon. There is an inclusion of the face group in each edge group and an

1 The authors would like to thank the referee for many valuable comments and
corrections.
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inclusion of each edge group in its associated vertex groups. We assume that
at each vertex the intersection of the two edge groups is just the face group.
The fundamental group of this polygon of groups is defined to be the free
product of the vertex groups amalgamated along the edge groups.

It is natural to ask whether a polygon of finite groups is residually finite.
An example where this is not the case is due to K. Brown [3], who showed
that Thompson’s infinite simple group is actually the fundamental group of a
triangle of finite groups.

While in dimension 1 the vertex groups always embed in the amalgamated
free product, this does not always hold in dimension 2. A sufficient condition
for it to hold was given by Gersten and Stallings [16]. They define an angle
between the two edge groups in the vertex group (relative to the face group).
In this way an angle is assigned to each corner of the polygon of groups. Their
main result is that if the (angled) polygon thus obtained is non-positively
curved then the vertex groups embed in the amalgamated free product. So for
instance, if the polygon is a triangle then the vertex groups embed provided
the sum of the angles is < 7. The example of Brown’s mentioned above is
a triangle of groups with angles 7, 3 and 7 and so this triangle of groups is
positively curved.

Non-positively curved polygons of finite groups have several very nice proper-
ties: They act properly discontinuously and cocompactly on a CAT(0) space
with fundamental domain a polygon. Also, Floyd and Parry [5] showed that
non-positively curved triangles of groups are automatic. The more stringent
class of negatively curved polygons of groups are word-hyperbolic as well [16].
Meier [11,12] has studied the endomorphisms of fundamental groups of poly-
gons of finite groups and has shown that under certain hypotheses their funda-
mental groups are Hopfian and have outer automorphism groups isomorphic
to the groups of (algebraic) symmetries of their underlying polygons of groups.

The main goal of this paper is to show that there exist non-positively curved
polygons of finite groups which are not residually finite. To put this ques-
tion in context, we note that, as mentioned above, negatively curved poly-
gons of groups are word-hyperbolic, and it is still unknown whether all word-
hyperbolic groups are residually finite (Gromov [6]). Also, it is interesting to
ask whether there is an example of a non-positively curved polygon of finite
groups which is not virtually torsion-free. This question can be traced back to
H. Neumann [13]. See also Section 8.

An interesting family of four examples of non-positively curved triangles of
finite groups was constructed by Tits [17]. (See also Ronan [14], pp. 47-49.)
These examples have the same vertex groups and edge groups and only differ
in the way in which the edge groups embed as subgroups in the vertex groups.



Two of these are known to be linear, whereas the other two are not known to
be residually finite.

Positive results about the residual finiteness of certain non-positively curved
squares of (polycyclic by) finite groups have been obtained by G. Kim [8], who
showed that if the edge groups are contained in the centers of the associated
vertex groups then the group is residually finite. Other positive results con-
cerning the case where the vertex groups are nilpotent and the edge groups
are cyclic can be found in Allenby and Tang [1].

Having covered the background of the problem, we now present a brief over-
view of the results obtained. We begin by discussing the geometric objects
known as complete squared complezes (Section 2), sometimes abbreviated as
CSCs. These are 2-complexes whose universal covers are isomorphic to the
direct product of two trees. Examples are given in Wise [18] of compact CSCs
with non-residually finite fundamental groups.

For every compact CSC X and each prime p, we construct a right angled
non-positively curved square of groups R,(X) whose vertex groups are finite
p-groups of class 2, and whose edge groups are elementary abelian (Sections
3 and 4).

Our first main result (proved in Section 5) can then be stated as:

Theorem 1.1 (First Main Theorem) Let X be a compact CSC, and let p
be a prime. Then m (X) can be embedded in m (Ry(X)).

Unfortunately, the ‘smallest’ non-residually finite square of finite groups that
we obtain in this way has vertex groups of orders 2144, 278 262 980 and edge
groups of orders 26, 28, 224 224  Since the examples are a bit unwieldy, we
have chosen not to write out presentations for them, but the interested reader
could apply our construction to a CSC from [18].

In order to provide examples of non-positively curved triangles of finite groups
which are not residually finite, we also prove another embedding theorem of
independent interest (Sections 6 and 7).

Theorem 1.2 (Second Main Theorem) Let R be a square of finite groups,
all of whose vertex angles are < w/2. Then m(R) can be embedded in the
fundamental group of a non-positively curved triangle of finite groups.

Our result about residual finiteness (Corollary 1.4) is then obtained from the
following.

Theorem 1.3 There exists a compact CSC whose fundamental group is not
restdually finite.



PROOF. See [18].

Using the Main Theorems, we can embed the group of Theorem 1.3 into either
a non-positively curved square or a non-positively curved triangle of finite
groups. Since subgroups of residually finite groups are themselves residually
finite, the chosen square or triangle of finite groups has non-residually finite
fundamental group. In other words:

Corollary 1.4 There exists a non-positively curved triangle (resp. square) of
finite groups with non-residually finite fundamental group.

Incidentally, since it is not difficult to construct a square of finite groups whose
fundamental group contains F, x Fy as a subgroup and whose vertex angles
are all 7/2, the Second Main Theorem also implies that there exists a non-
positively curved triangle of finite groups with incoherent fundamental group.

2 Complete squared complexes

In this section, we define CSCs and summarize some of their relevant proper-
ties, as proved in [18].

Recall that a complete bipartite graph is a graph I' whose vertices partition
into two sets Vi and V5 such that I' has exactly one edge between every vertex
in V; and every vertex in V5, and no others. In particular, a complete bipartite
graph has no self-loops and no multiple edges.

Definition 2.1 Let X be a combinatorial 2-complex whose (closed) 2-cells are
“squares”. We say that X is a complete squared complex (or CSC) provided
that the edges of X() are partitioned into 2 classes in such a way that for
each v € X the corresponding partition of the O-cells of the graph Link(v)
induces a complete bipartite structure on the graph Link(v).

The above definition is almost the same as the simpler requirement that the
link of each vertex of X be a complete bipartite graph. The difference is that
the above definition imposes a vertical-horizontal structure on X. A complex
which satisfies only the complete bipartite graph condition has a double cover
which is a CSC as defined above. See [18].

For the rest of this section, let X be a CSC, and let F' be the set of 2-cells of
X. Our next goal is to label the 1-cells of X appropriately. Let BX denote
the barycentric subdivision of X. The following is then easy to see.

Theorem 2.2 If X is a CSC, then BX is a CSC homeomorphic to X.



Let I? be the closed unit square in R2.

Theorem 2.3 There erists a continuous combinatorial map from BX s I2.

PROOF. There are obvious combinatorial maps from the subdivision of each
square of X to I?. It is easy to see that one can choose one such map for each
subdivided square so that the maps agree on BX™. Note that Theorem 2.3
does not really need X to be a CSC; in fact, it is sufficient that X be a V H-
complex, that is, that the edges of X are partitioned into two classes in a
manner respected by the attaching maps of squares. (See [18].)

Definition 2.4 Let X be a CSC equipped with a map like the one in Theo-
rem 2.3. If we mark the edges of I? as being north, south, east and west in the
obvious way, the edges of X divide into classes IV, S, E and W, corresponding
to the preimages of the appropriate edges of I?. The N and S edges make up
what we call the horizontal 1-skeleton of X, and the £ and W edges make up
the vertical 1-skeleton of X . Furthermore, suppose the edges of I? are oriented
clockwise; that is, the north edge is oriented to the right, the east edge down,
the south edge to the left, and the west edge up. Pulling back this orientation,
we get an orientation of the edges of X.

We call the above arrangement (labels, horizontal/vertical 1-skeletons, and
orientation) an NESW labelling for X . Since barycentric subdivision does not
alter the topology of a CSC (Theorem 2.2), without losing any generality for
the proof of the First Main Theorem (Theorem 1.1), we may freely assume
that any CSC is NESW-labelled.

Remark 2.5 Let X be an NESW-labelled CSC. The link condition in Defi-
nition 2.1 implies that any two edges from distinct NESW classes intersecting
at a vertex of X determine a unique face of X. For instance, a face f can
be specified by naming its north and west edges. We will therefore sometimes
refer to a face of X by listing its NESW-labelled edges, e.g., f = (n, e, s, w).

If X is a combinatorial complex, we denote the fundamental groupoid of X
on the basepoints X® by 7(X). If X is an NESW-labelled CSC, repeated
application of the van Kampen theorem for the fundamental groupoid (R.
Brown [4, 8.4]) gives us the following description of 7(X).

Theorem 2.6 7(X) has a (groupoid) presentation with generators n € N,
seS,ec E, and w e W, corresponding to the edges of X, and relations

nesw =1 (2.1)

for all (n,e,s,w) = f suchthatne N,e€ E,s€ S, we W, and f € F.



Besides the NESW labelling, the property of CSCs which is most important
to us is the following.

Theorem 2.7 If X is a CSC then X, the universal cover of X, is isomorphic
(as a complez) to the product of a vertical tree and a horizontal tree.

PROOF. See [18].

Corollary 2.8 Let X be a CSC, let z be a point in X©, and let o be a path
representing an element of w1 (X, xy). Then o is homotopic to the composition
oy © oy, where o, (resp. oy) is a combinatorial path travelling in the vertical
(resp. horizontal) 1-skeleton of X.

PROOQOF. Consider the lift of o to X at some basepoint for X. By Theorem
2.7, there exists a path in X connecting the endpoints of ¢ which travels first
horizontally and then vertically.

3 Construction of the vertex groups

In this section, we fix a prime p, finite indexing sets I and J, and a subset F’
of I x J. We also define the commutator [a,b] to be aba=1b~!.

Our goal in this section is to construct a finite p-group @ r(p) with the
properties listed in Theorem 3.2. We define @ r(p) to be the group with
generators x; (for all ¢ € I), & (for all j € J), ys (for all f € F), and ¢ (for
all f € F); and defining relations

=t =g == 31)
1= [xmxk] = [fjagl] = [yf’yg] = W%%] :
1= [l'i,yf] = [mi:¢f] = [gjayf] = [fﬁd’f] = [yf7¢9] (3'3)

o1l Syt (i,j)=f€F
b= {1 (i,j) & F (34)

for all i,k € I, j,l € J, f,g € F. (In other words, all the generators have
order p, and all the generators commute, except for “incident” z; and ;.) We
also define the subgroups Xr;r(p) = (z:), Ersr(p) = (&), Yror(p) = (ys), and
V1r(p) = (¥5) of Qrir(p).

Theorem 3.1 X;;r(p), Z1sr(p), Yisr(p), and ¥ ;r(p) are elementary abel-
ian p-groups of rank |I|, |J|, |F|, and |F|, respectively; and any element



q € Qrr(p) has a unique normal form
q = zEyyY (3.5)

for some x € Xiir(p), £ € Z1r(p), y € Yryr(p), and ¥ € Vrir(p). In
particular, Qryr(p) is a finite p-group.

PROOF. This follows from the normal form theorem for polycyclic presen-
tations. See Sims [15, 9.4].

For all (i,5) = f € F, we define z; = z;yr, & = &y, Tisr(p) = (zf), and
®IJF(p) = <ff>

Theorem 3.2 Q;;r(p) and its subgroups have the following properties:
(i) For all (i,j) = f € F,
z€ay & =1 (3.6)
(1) We have
(Xrsr(P)Yrr(p) N (Ersr(P)Yisr(p)) = 1. (3.7)

In particular, Tr;r(p) N Orr(p) = 1.
(i1i) Tryr(p) and © 1 p(p) are elementary abelian of rank |F)|.

PROOF. First, property (i) results from rewriting (3.4):

zi€ay & = ypy
zi€yy ey W =1
wii(wyp) ™ (Ey) T =1
xzfjx;lffl =1.

(3.8)

Next, property (ii) follows from the normal form (3.5). Finally, property (iii)
is obtained by noting that the elementary abelian subgroups X;;r(p)Y7sr(p)

and TIJF(p)XIJF(p) (resp. EIJF(p)‘I’IJF(p) and @IJF(p)EIJF(p)) are equal,
and comparing ranks.

Remark 3.3 We note that p being prime is basically irrelevant to the above
construction; it simply makes the result easier to describe. In fact, the initial
version of the construction was done only for p = 2. We have included a more
general version only to assure the reader that no special properties of 2-groups
are being used.



Remark 3.4 As T;;r(p) and O;r(p) will be used as edge groups in the
next section, it is worth remarking that neither group is central in Q;r(p),
unless F' is the empty set. Compare Kim [8].

4 Construction of R,(X)

In this section, we consider squares of groups with trivial 2-cell groups, or in
other words, colimits of diagrams of inclusions like the following:

A + E,p — B

) T T
Eps<+ 1 — Epc (4.1)
4 l :

D <_EC’D_> C

We set some terminology. In the square (4.1), the groups A, B, C, and D are
called the vertex groups; the groups Esp, Egc, Ecp, and Epy4 are called the
edge groups; and the amalgams Ax*g,, B, Bxg,,C, Cxg,, D, and Dx*g,, A
are called the edge amalgams.

Definition 4.1 Let X be a compact NESW-labelled CSC, and let p be a
prime. We define the square of groups R,(X) by defining the vertex and edge
groups in (4.1).

First, we note that since any two differently labelled intersecting edges of X
determine a unique face of X (Remark 2.5), the map sending (n, e, s,w) = f €
F to (w,n) (resp. (n,e), (e,s), (s,w)) is a bijective correspondence between
F and a subset of W x N (resp. N x E, E x S, S x W). Therefore, the group

Qwnr(p) (resp. Qner(p), Qesr(p), Qswr(p)) is well-defined. We set:

(i) A= Qwnr(p), with z and & replaced by a and «. That is, A is generated
by @y, ay, ap, and ay (for allw € W, n € N, f € F); and (3.6) becomes

awanaflozfl =1. (4.2)

(ii) B = Qnrr(p), with z and & replaced by b and 8. Forn € N and e € E,
(3.6) becomes

bnfeb; B, = 1. (4.3)
(ili) C = Qgsr(p), with z and & replaced by ¢ and . (3.6) becomes

cesCr vy =1 (4.4)



(iv) D = Qswr(p), with = and £ replaced by d and §. (3.6) becomes
dybuwd; 67 = 1. (4.5)

The edge groups are all elementary abelian p-groups of rank |F'|. Instead of
naming the elements of each edge group and specifying embeddings into the
vertex groups, we will just indicate an isomorphism between subgroups of
the respective vertex groups by forming a one-to-one correspondence between
generators of an elementary abelian p-group on each side.
Eup: {af ﬂfl for all f € F}
Epc: {b; > 77" forall f € F}
Ecp: {cs > 67" forall f e F}
Epa: {d; <> a;! forall f € F}

A~ A~~~
e N
© 0o I O
~— ~— N~

|
|

We note that if the edge group identifications are considered as relations in
71 (Rp(X)), then we have:

arf; =1 (4.10)
bf’)/f =1 (4.11)
cpdp =1 (4.12)
dpay =1 (4.13)

We also note that the edge groups contained in a vertex group embed in
exactly the same way that T7;r(p) and ©rr(p) embed in Qrsr(p) (Section
3).

Some key properties of R,(X) are collected together in the following theorem.
Theorem 4.2 R,(X) has the following properties:

(1) All of the vertex angles of R,(X) are < w/2; in particular, Ry(X) is
non-positively curved.
(i1) The edge amalgams of R,(X) inject into m (Ry(X)).
(111) The intersection in m (R,(X)) of the edge amalgams of two intersecting
edges of Ry(X) is precisely the vertex group of their intersection. For
instance,

(Axg,, B)N (B *g,,C) =B (4.14)

in m (Ry(X)).

(iv) Every non-empty reduced word in the generators w, = ayb, (resp. we =
Bece) is equal to a reduced word of length at least 2 in A xg,, B (resp.
B *EBC C)



PROOF. Property (i) follows from property (ii) of Theorem 3.2.

Properties (ii) and (iii) are easy to see geometrically. Consider, without loss
of generality, the north and east edges of the square. Property (ii) follows
because the trees corresponding to the north and east edge amalgams embed
equivariantly (as convex sub-orbihedra) in the universal covering orbihedron
of R,(X). It follows that the intersection of the two subgroups is precisely
the subgroup stabilizing both of the trees, and therefore, their intersection.
However, the two trees intersect in the vertex stabilized by B, and so the
intersection of the two subgroups is B, which gives us (iii).

Finally, as for property (iv), it is enough to consider the Axg, . B case. By the
normal form theorem for free products, it suffices to show that the subgroup
(an, b)) < Axp,, B is the free product of (o,) < A and (b,) < B. However,
by the normal form theorem for free products with amalgamation (Lyndon
and Schupp [9]), it is enough to show that (a,,) N (af) = (b,) N () =1, and
this follows from property (ii) of Theorem 3.2.

Remark 4.3 Alternately, properties (ii) and (iii) of Theorem 4.2 follow easily
from the amalgam decompositions

! (RP(X)) = (A *Eap B) *(Epa*Epc) (D *Epc C) (415)

and

™ (RP(X)) = (A *Epa D) *(Eap*Ecp) (B *Epc C)’ (416)

together with the normal form theorem for free products with amalgamation.

5 Proof of the First Main Theorem

Let X be a compact NESW-labelled CSC, and let p be a prime. We wish to
define a homomorphism of groupoids ¢ from the fundamental groupoid of X
to m (R,(X)) by the following rules.

o(n) = apby forallme N

w(e) = Bece forallee E (5.1)
o(s) = 7sds forall s€ S .
O(W) = Oy forallw e W

The First Main Theorem is then a consequence of the following theorem.

10



Theorem 5.1 We have:

(i) The rules in (5.1) determine a homomorphism of groupoids ¢ from the
fundamental groupoid of X to m (Ry(X)).
(i) The restriction of ¢ to m (X, o) is injective.

PROOQOF. From Theorem 2.6, for assertion (i) to hold, it suffices to show that
for all (n,e,s,w)=f € F,
p(nesw) = by BeCeysdsdyty =1 (5.2)

in 7 (R,(X)). However, (5.2) follows from the Van Kampen diagram in Figure
1. Vertices in Figure 1 are represented by solid black squares, and each relation
polygon is marked with the number of the equation which implies it.

o, (4.10) b,

| > > H
o (4.2) apyy By (4.3) Be
b
(4.13) e . ! (4.11)
df Vr
O (4.5)  dpiyer  (4.4) Ce
i < < H

ds (4.12) s

Fig. 1. Van Kampen diagram for proof of First Main Theorem

It remains to prove assertion (ii). Choose 2o € X® to be a “northeast” vertex
in terms of the NESW labelling. Let V' be the connected component of the
vertical 1-skeleton of X containing z(, and let H be the connected component
of the horizontal 1-skeleton of X containing zy. Note that V' consists of only
east edges, and H consists of only north edges.

Now, the composition of ¢ with the natural homomorphism induced by the
inclusion of V' (resp. H) in X defines a homomorphism from 7 (V') (resp. 7(H))
to m (Ry(X)). Both of these homomorphisms are given by the rules (5.1), so by

11



abuse of notation, we will call them both ¢ as well. Further inspection of (5.1)
shows that ¢ maps 7 (V) (resp. m(H)) into the edge amalgam B x*p,  C (resp.
Axg,, B), considered as a subgroup of 7 (R,(X)) (Theorem 4.2, property ii).
In fact, ¢ sends non-trivial reduced pathsin V' (resp. H) to non-empty reduced
words in the generators we = (¢, (resp. w, = ayby,), which, by Theorem 4.2,

property iv, are equal to words of reduced length at least 2 in B g, C (resp.
A *Eap B) .

So now suppose that o € m1(X, xg) is in the kernel of ¢. To prove assertion
(ii), we need to show that o = 1. From Corollary 2.8, ¢ is homotopic to the
composition o, o oy,, where o, (resp. 0;,) is the image under inclusion of a path

v € m(V) (resp. h € w(H)). Therefore, since

1= (o) = p(v)e(h), (5-3)

the element p(v) € (B *g,, C) must be equal to p(h) ' € (A xg,, B) in
71 (Rp(X)). Therefore, by property (iii) of Theorem 4.2,

o(v) = p(h) " € (A%p,, B)N (B, C) = B. (5.4)

However, since ¢ sends non-trivial reduced paths in V' (resp. H) to reduced
words in the east (resp. north) edge amalgam of length at least 2, v and h
must be trivial. Therefore, o, and o}, are both trivial, and o = 1.

6 Unfolding dihedral triangles

The idea behind the Second Main Theorem comes from looking at Coxeter
groups. Let m;(P) be the Coxeter group generated by the reflections in the
walls of the square tiling of the plane, and let m;(T") be the (2,4,4) triangle
group corresponding to the subdivision of the square tiling into (7 /2, 7 /4, 7 /4)
triangles, as shown in Figure 2. (The reason for our notation will become clear
later.) In fact, Figure 2 shows that 71 (T) is the semidirect product of 7 (P)
and the dihedral group of order 8 generated by the reflections s and ¢.

s |t

Fig. 2. A square group inside a triangle group

More generally, suppose 71 (P) is the discrete group generated by reflections
in the tiling of the spherical/Euclidean/hyperbolic plane by regular n-gons
with vertex angle f. Then the n-gons can be subdivided into (7/2,6/2,7/n)

12



triangles, analogously to Figure 2, and the corresponding triangle group 1 (7)
is the semidirect product of 7;(P) and the dihedral group of order 2n. Our
goal (Theorems 6.3 and 7.2) is to show that we can do something similar for
any n-gon of groups, and not just an n-gon of Coxeter groups.

Of course, the above situation has several special features as an n-gon of
groups, namely:

(i) All of the vertex groups (resp. edge groups) are isomorphic.
(ii) In the notation of Figure 2, conjugation by s (resp. t) is an automorphism
of order 2 of a vertex (resp. edge) group.

We axiomatize these properties in the following definition.

Definition 6.1 A dihedral embedding is an 8-tuple (n,F, E, V,p, ¢, 0,7),
where n is an integer > 4; F, E, and V are groups; ¢ :F— Eand ¢y : E—V
are inclusions; and o (resp. 7) is an automorphism of V (resp. E) such that
0? =1 (resp. 7> = 1), o(F) = F (resp. 7(F) = F), and (70)" = 1. (Note that
as an automorphism, (70)" is only defined on F.) We will often omit ¢ and v
and simply consider F to be a subgroup of E and E to be a subgroup of V.

Our basic strategy now is to build the triangle that should result from the
process described by Figure 2, and then find an n-gon of groups inside it
(Theorem 6.3). Let Dy, be the dihedral group (s,t|1 = s? =? = (ts)") of
order 2n. Given a dihedral embedding, we can define the semidirect products
V % (s), Ex (t), F x(s), F x (t), and F x Dy, by declaring that svs™! = o(v)
for v € V, and tet™! = 7(e) for e € E.

Definition 6.2 The triangle of a dihedral embedding (n,F,E, V, ¢, ¢, 0,7)
is the triangle of groups given by the diagram of inclusions in Figure 3.

V % (s) ‘a ]‘5[) ﬂ‘Ex(t)
F—F x(t)
e
F x (s)
v
FNDQn

Fig. 3. Triangle of a dihedral embedding

The n-gon of a dihedral embedding (n,F,E, V ¢, 1, 0, 7) is the n-gon of groups
described as follows:

13



(i) The vertex groups are all isomorphic to V, the edge groups are all iso-
morphic to E, and the face group is isomorphic to F;
(ii) The counterclockwise edge inclusion maps (from E into V) are all 97,
and the clockwise edge inclusion maps are all o1); and
(iii) The face inclusion maps (from F into E) are, in clockwise order, the maps
o(T0)*, where k runs over all numbers mod n.

For example, when n = 4, the n-gon of a dihedral embedding is the square of
groups shown in Figure 4.

v g .y
o1 ¥ YT
L M s W
Gr ¢(ro)? a1
Ve —EB——V

Fig. 4. n-gon of a dihedral embedding, n = 4

Note that, by construction, all of the vertex angles of an n-gon of a dihedral
embedding are equal to the angle arising from the situation shown in Figure
5. By abuse of notation, we use ¢(E) #p E to denote the amalgamated free
product arising from the lower left portion of Figure 5.

Ea_w.v

W‘ M

F—E
¥

Fig. 5. Typical situation at a vertex angle

Theorem 6.3 Let (n,F,E, V,p,19,0,7) be a dihedral embedding, let T be its
triangle, and let P be its n-gon. Let o, 3, and y be the vertex angles indicated by
Figure 3, and let 0 be the vertex angle of the vertices of P. Let ® : m(T) +— Da,
be the surjection obtained by killing V, E, and F. Then:

(i) a=0/2, 3=7/2, and v = 7/n.
(ii) m (P) = ker ®.

PROOQOF. The fact that 8 = 7w/2 follows because ENF x (t) = F inside

14



E x (t). Furthermore, since the v vertex of T is modelled on Dy, it follows
easily that v = 7/n. To prove (i), then, it remains to show that oo = 6/2.

So let # = w/m. Suppose that
w = fse sey...se, (6.1)

where the e; are elements of E not contained in F, is a non-trivial element of
length 2/ of the kernel of the natural map from (F x (s)) g E to V x (s). First
of all, if [ is odd, ®(w) = s. So [ is even, and we have

w = fseise;y...Ss€
= f(se1s Mea(sess ™ ey. .. (se_157 e (6.2)

= fo(er)eso(es)es...o(e 1)e;.

Therefore, w also determines a non-trivial element of length [ of the kernel
of the natural map from o(E) g E to V, and so, by the definition of vertex
angle, we must have [ > 2m. Since this is true for any such w, a < 6/2.
Finally, running this argument backwards, letting w be a non-trivial element
of length 2m of the kernel of the natural map from o(E) *¢ E to V, implies
that o = 6/2.

As for (ii), the most natural proof would use covering spaces of orbihedra
(see Haefliger [7]). However, to avoid the ensuing technical discussion, we
will use the more elementary, if perhaps less appealing, approach of appying
the Reidemeister-Schreier method. First, by writing down the colimit of 7" in
terms of generators and relations, we see that m; (7') is given by the following
presentation.

<s, t,vEV,eEE,fEF‘

1=s>=1= (ts)", (6.3)
ViU = U3, e1€x = e3, fi1fo = [, (6.4)
tet™! = 7(e) for all e € E, (6.5)
svs !t = o(v) for allv € V, (6.6)
f=wv(f) for all f € F, (6.7)
e =1(e) forallec E)  (6.8)

In other words, the generators are s, t, and letters corresponding to the ele-
ments of V, E, and F, with defining relations (6.3)—(6.8). The relations (6.4)
are meant to be the “multiplication table” relations in V, E, and F; that is,
the v relation is taken over all vy, v, v3 such that vyvy = v3, and the e and f
relations work similarly.
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Let K = ker ®. We apply the Reidemeister-Schreier method (Magnus, Karrass,
and Solitar [10, 2.3]), enumerating the right cosets of K, and taking 1, ¢, ts,
tst, ... (ts)" "'t as our Schreier system. The result is the following presentation
for K.

Generators. Reidemeister-Schreier gives us two classes of generators for K.

(i) The elements vy = dvd™', eq = ded™!, and f; = dfd™", where v, e, f, and
d run over all elements of V, E, F, and the Schreier system, respectively.
We define V4 = (vq), Eq = (eq), and Fy = (fq).

(ii) Words w; in s and ¢ which define trivial elements of D,,,.

Relations. A set of defining relations for K is obtained by rewriting the
relations {dr;d='} in terms of the above generators, where d runs over all
elements of the Schreier system, and 7; is a relation in (6.3)—(6.8). We have:

(6.3) These relations kill the w;’s, and allow us to consider the d’s in vy,
Vg, etc., to be elements of D,,, and not just elements of the Schreier
system.

(6.4) These relations say precisely that V4, E4, and F, are copies of the
groups V, E, and F, respectively. Note that this means that by ig-
noring subscripts, we can define automorphisms o : V, — Vg, 7 :
E,; — Eg4, etc., and isomorphisms o : V. — Vy,, 7 : E. — Ey, etc., for
all ¢,d € Dy,. Similarly, we can define embeddings ¢ : F; — E; and
17/) : Ed — Vd.

(6.5) For all d € Dy, and e € E, the relation

(dt)e(t_ld_l) = dT(e)d_1 (6.9)
can be rewritten as
e = 7(ea). (6.10)

In other words, we identify E; with Eg by the isomorphism 7. (Note
that the t accumulates on the right, even though 7 is a left automor-
phism.)

(6.6) Analogously to (6.5), we rewrite these relations by saying that for all
d € D,,, we identify V4 with V4 by the isomorphism o.

(6.7) Again analogously to (6.5), we rewrite these relations by saying that
for all d € Dy,, we identify F; with a subgroup of E; by the embedding
©.

(6.8) We rewrite these relations by saying that for all d € Dy, we identify
E; with a subgroup of V; by the embedding 1.

For notational and typographical expediency, in the remainder of the proof,
we assume n = 4, as the details are essentially the same for n > 4. For n = 4,
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Fig. 6. Amalgam used in proof of Theorem 6.3

inspection of (6.5)—(6.8) shows that the above presentation for K is precisely
the amalgam pictured in Figure 6. (Note that we use tsts = stst to close up
the bottom of the diagram.) We may simplify this amalgam by choosing a
single “representative” in each “component” of isomorphisms of type o or 7.
(These “components” are indicated in Figure 6 by lines with dots on either
end.) In particular, if we choose the “representatives” boxed in Figure 6, and
we discard the subscripts, a diagram chase shows that Figure 6 simplifies to
Figure 4, which means that K = m((P).

7 Proof of the Second Main Theorem

Having shown that a “regular” polygon of groups can be embedded in an
appropriate triangle of groups (Theorem 6.3), we now must show than an ar-
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bitrary polygon of groups can be embedded in an appropriate regular polygon
of groups. There are many ways of doing this, but the following method (re-

sulting in Theorem 7.2) is one which suits our purposes here. (See Remark
7.7, though.)

Hereafter, by convention, we write the direct product of n groups Gy, ..., G,
as (G1,...,Gy,), thinking of the n-tuple as coordinates. We follow the same
convention for elements of a direct product; for instance, we write the identity
in the above group as (1,...,1).

Throughout this section, let P be an n-gon of groups with face group F', edge
groups Fy,..., E,, and vertex groups Vi,...,V, such that the edge group FE;
is included in the vertex groups V; and V;,;, where i + 1 is considered (mod
n). We will also assume throughout that at least one of E1, ..., E, contains
F as a proper subgroup. (If this is not true, then 7;(P) is an amalgamated
free product of V1, ..., V,, over F, so we lose little with this assumption.) For
example, when n = 4, we have:

Vi< E =V}
) ) T

{ { l
Vi<~ E3 — V3

Let V = (Vvla Vvh ‘/2, ‘/2, Ty Vna Vn)a E = (En: Ela Ela EQ, T Enfla En)a and
F=(FFFF,,..  FF)(e,letF=F".Leto:F—Eand¢:E—V
be injections defined by applying the appropriate injections of P coordinate-
wise. Finally, let o (resp. 7) be the (left) automorphism of V (resp. E) induced
by the coordinate permutation 1 <+ 2,3 >4, ... (2n—1) <> 2n (resp. 1 +> 2n,
24 3,... (2n—2) & (2n —1)). It is easily verified that

Theorem 7.1 (n,F,E,V, ¢,¢,0,7) is a dihedral embedding.

The dihedral embedding (n,F,E, V¢, 9,0, 7) defined above is called the di-
hedral symmetrization of P.

We come to the main result of this section.

Theorem 7.2 Let P be an n-gon of groups, all of whose vertex angles are
< m/2, and let S be the n-gon of the dihedral symmetrization of P, using the
notation (n, F,E,V, ¢ 1, 0,7) as above. Then

(i) The angle between o(E) and E in V with respect to F is 7/2.
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(i) w1 (P) embeds in w1 (S); in fact, w1 (P) is isomorphic to a retract of m1(S).

PROOF. To prove (i), we first recall that the vertex angle between two sub-
groups E and Ej of a group V with respect to F' is < 7/2 if and only if
E N E, < F. However,

O'(E) NE = (El, En,EQ,El, .. -;En;En—l) N

(En, Er, Er By, ... By 1, Ey) (7:2)
=(E\NE, E,NE,E;NE,ENE,,..., (7.3)

E.NE, 1,E, 1NE,) '
< (F,F,F,F,...,F,F), (7.4)

with the inclusion following because all of the vertex angles of P are < 7/2.
Therefore, the angle between o(E) and E in V with respect to F is < /2.

Conversely, let e be an element of an edge group of P such that e ¢ F.
We may as well assume that e € F;. Then if e; = (e,1,1,1,...,1,1) and
eo = (1,e,1,1,...,1,1), ejeser 'ey " is a length 4 element of the kernel of the
natural map from o(E) xg E to V. It follows that the angle is exactly 7/2.

As for (ii), the general case is again notationally and typographically quite
complicated, so again we illustrate only the case of n = 4. Let P be the square
in (7.1), and let S be its dihedral symmetrization. Consider injections from the
face, edge, and vertex groups of P to the face, edge, and vertex groups of S,
as indicated in Figure 7. A diagram chase shows that these injections embed
P in S, and we have a naturally induced homomorphism & : m; (P) — m1(S).
However, if ¥ is the homomorphism from 7, (S) to 7 (P) obtained by killing
all of the coordinates in Figure 7 which have 1’s in them, then W® is the
identity on 7 (P), and (ii) follows.

Combining Theorem 7.2 with Theorem 6.3, we obtain the following result.

Corollary 7.3 The fundamental group of any n-gon of groups with all of its
vertex angles < /2 can be embedded in the fundamental group of a triangle
of groups with vertex angles 7/2, ©/4, and w/n.

Since the face, edge, and vertex groups of the n-gon of the dihedral sym-
metrization of an n-gon are all finite direct products of the face, edge, and
vertex groups of the original n-gon, Theorems 7.2 and 6.3 imply the Second
Main Theorem (Theorem 1.2), which we restate here:

Corollary 7.4 Let R be a square of finite groups, all of whose vertex angles
are < w/2. Then m(R) can be embedded in the fundamental group of a non-
positively curved triangle of finite groups.
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3
(Ey,1,1,1,1,1,1,1) (70) (1,1,F,1,1,1,1,1) (7o) (1,1,1,1, 5, 1,1,1)
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(17]-’]-71’171’17‘/;1) 40'— (151115]-’]-51,E351) —7_’ (171:17]-’]-7‘/:371:1)

Fig. 7. Embedding of P in S used in the proof of Theorem 7.2

Remark 7.5 In fact, when R is a square of finite groups with all of its ver-
tex angles < 7/2, and with trivial face group, it is possible to embed 7 (R)
in a non-positively curved triangle of finite groups which has a vertex whose
group is isomorphic to Z; X Z,, and whose adjoining edge subgroups are each
isomorphic to Z,, as follows. From Theorem 7.2, we know that R can be em-
bedded in S, the square of the dihedral symmetrization of R. Furthermore,
from Theorem 6.3, we know that if 7" is the triangle of the the dihedral sym-
metrization of R, then S is the eightfold cover of T corresponding to the
quotient 71 (7T") — Dy.4. However, if we instead consider the double cover of T
corresponding to the quotient

T (T) = Doy — (t) =2 Zs, (7.5)

where the map from Ds.4 to (t) is defined by killing s, we obtain a triangle 75 of
finite groups which has the desired vertex and edge groups. (The algebraically
minded reader may verify the details of this last assertion by imitating the
proof of part (ii) of Theorem 6.3.) The factorization (7.5) implies that m (S)
embeds in 7 (73), which means that 7, (R) embeds in m(73) as well.

Finally, since 7/2 + n/4+ 7 /n < 7 if n > 4:

Corollary 7.6 For n > 4, let R be an n-gon of finite groups with all of its
vertex angles < m/2. Then w1 (R) can be embedded in the fundamental group
of a negatively curved triangle of finite groups.

Remark 7.7 The most “natural” way of defining the dihedral symmetrization
would use the free product instead of the direct product to construct F, E,
and V. In this variation, the proof of Theorem 7.2 goes through, with two
added bonuses: the vertex angles of S are all equal to the maximum of the
vertex angles of P; and as a group, m(S) is precisely the free product of 2n
copies of 7y (P). The problem, of course, is that F, E, and V are no longer
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finite.

8 A conjecture

Finally, we wish to include the following conjecture, to give an idea of the
richness of the set of groups which are subgroups of non-positively curved
polygons of finite groups. Basically, we conjecture that if a cocompact group
of isometries of a CAT(0) space looks like a subgroup of the fundamental
group of a non-positively curved polygon of finite groups, then it ¢s such a
subgroup. We state the conjecture only for 2-dimensional CAT(0) actions,
though we suspect that analogous statements hold for isometry groups of
CAT(—1) complexes and negatively curved polygons of groups, as well as in
higher dimensions. (It is easy to verify the conjecture in dimension 1).

Conjecture 8.1 Let G be a group which acts combinatorially, properly dis-
continuously, and cocompactly by isometries on a piecewise Euclidean CAT(0)
2-complex X, let P be an n-sided Euclidean polygon, and let ¢ be a G-equivari-
ant combinatorial map from X to P which restricts to an isometry on each cell
of X. Then there exists a non-positively curved polygon of finite groups R(P)
over P, such that G may be identified with a subgroup of w1 (R(P)), and X
may be identified equivariantly with a convexr subcomplex of the universal cover

R(P) in such a way that ¢ : X — P is the composition X — R(P) — P.

For instance, let () be a compact non-positively curved squared complex, and
suppose that there is an equivariant combinatorial map from X = Q to the
unit square P in the Euclidean plane which is an isometry on each cell of
X. Conjecture 8.1 would then imply that there exists a right-angled square
of finite groups R(P) such that 7 (Q) may be embedded in m; (R(P)), and
X may be identified equivariantly with a convex subcomplex of the universal

—_——

cover R(P) of R(P). Note that this result, used in place of the First Main
Theorem, is enough to prove the square case of Corollary 1.4.

Similarly, another consequence of Conjecture 8.1 would be that if () is a com-
pact non-positively curved squared complex, then (@) is a subgroup of the
fundamental group of a right isoceles triangle of finite groups. In this case,
the equivariant map from X = Q to the right isoceles triangle is the obvious
one corresponding to the subdivision of each square into eight right isoceles
triangles (Figure 2). This result can be used in place of the First and Second
Main Theorems to prove the triangle case of Corollary 1.4. In fact, the same
equivariant map, applied to the case where X is the universal covering space of
a square of finite groups R, and G = m;(R), yields the Second Main Theorem
as a consquence.
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One final consequence of Conjecture 8.1 uses the following result from [18].

Theorem 8.2 There exists a non-virtually torsion-free group G which acts
combinatorially, properly discontinuously, and cocompactly by isometries on
a piecewise Euclidean CAT(0) squared 2-complex X . Furthermore, there is a
G-equivariant combinatorial map from X to the unit Fuclidean square which
restricts to an isometry on each cell of X.

If Conjecture 8.1 holds, Theorem 8.2 would yield examples of non-positively
curved squares and triangles of finite groups with non-virtually torsion-free
fundamental groups.
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