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Abstract. Let 8 be a C2 codimension one Anosov flow on a compact Riemannian
manifold M of dimension greater than three. Verjovsky conjectured that8 admits a
global cross-section and we affirm this conjecture when8 is volume preserving in the
following two cases: (1) if the sum of the strong stable and strong unstable bundle of
8 is θ -Hölder continuous for allθ < 1; (2) if the center stable bundle of8 is of class
C1+θ for all θ < 1. We also show how certain transitive Anosov flows (those whose
center stable bundle isC1 and transversely orientable) can be ‘synchronized’, that is,
reparametrized so that the strong unstable determinant of the timet map (for all t) of
the synchronized flow is identically equal toet . Several applications of this method are
given, including vanishing of the Godbillon–Vey class of the center stable foliation of
a codimension one Anosov flow (when dimM > 3 and that foliation isC1+θ for all
θ < 1), and a positive answer to a higher-dimensional analog to Problem 10.4 posed by
Hurder and Katok in [HK ].

1. Introduction
In the 1970s Alberto Verjovsky posed the following conjecture (also stated in [Gh3]).

Conjecture of Verjovsky.Every codimension one Anosov flow on a compact manifold of
dimension greater than three admits a global cross-section.

By a celebrated result of Newhouse [Nh] and Franks [Fra], this conjecture implies
that every codimension one Anosov flow on a compact manifold of dimension greater
than three is topologically conjugate to the suspension of a linear toral automorphism.
We will show that this is the case if certain regularity assumptions are imposed on the
invariant Anosov bundles.

Recall that a nonsingularC1 flow {ft } on a compact Riemannian manifoldM
is called Anosov if the tangent bundle ofM splits continuously into three invariant
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subbundles,T M = Ec ⊕ Ess ⊕ Euu, whereEc is the line bundle tangent to the flow,
Ess is exponentially contracted andEuu is exponentially expanded by the flow in the
forward direction. We callEss andEuu the strong stableandstrong unstable bundle(or
distribution) respectively. We also haveEcs = Ess⊕Ec and Ecu = Euu⊕Ec, called the
center stableandcenter unstable bundlerespectively. In general, the strong distributions
are onlyθ -Hölder continuous for some 0< θ < 1; however, all Anosov distributions
are uniquely integrable giving rise to continuous foliations (denoted accordingly by
Wss, Wuu, Wcs and Wcu). For details on these basic results the reader should consult
[An], [Pl1] and [Sm].

An Anosov flow isof codimension oneif dim Ess = 1 or dimEuu = 1. When speaking
of a codimension one Anosov flow, we will always assume thatEuu is one-dimensional.

Recall that a compact codimension one submanifold6 of a manifoldM is said to
be a(global) cross-sectionfor a flow {ft } on M if 6 intersects every orbit of the flow
transversely. In that case,{ft } can be obtained by ‘suspending’ the Poincaré (or first
return) map6 → 6. For discussion on the existence of cross-sections we refer to [Ch],
[Fri ] and [Sc].

Plante proved the conjecture of Verjovsky for manifolds with solvable fundamental
group (see [Pl2], [Pl3] and also [Ar ]). Ghys [Gh3] showed that the conjecture of
Verjovsky holds ifEsu = Ess ⊕ Euu is of classC1, which we generalized in [Si1] to the
case whenEsu is only Lipschitz.

This paper is organized as follows. In§2 we prove an auxiliary result that for all
negative time, theEuu-determinant of an Anosov flow (i.e. its expansion cocycle) varies
along the strong unstable leaves by a bounded amount independent of time (Corollary 2.2
and Theorem 2.3). This is used in§3 to prove that the conjecture of Verjovsky holds
if the flow is volume preserving and the bundleEsu is Lip– (Theorem 3.2). Recall that
Lip– meansθ -Hölder continuous for allθ < 1. In §4 we show that it is possible to
‘synchronize’ the strong unstable determinant of certain types of Anosov flows (those
whose center stable bundle isC1 and transversely orientable), that is, make it identically
equal toet for all t by suitably reparametrizing the flow (Theorem 4.4). Applications of
synchronization are given in§5 and 6 including a generalization of a conjecture of Ghys
from [Gh3]; namely, the conjecture of Verjovsky holds if the flow is volume preserving
andEcs is of classC1+Lip– (Theorem 6.2). We also discuss vanishing of the Godbillon–
Vey class ofWcs for codimension one Anosov flows in higher dimensions. Corollary 6.4
gives a positive answer to a higher-dimensional analog of Problem 10.4 from [HK ].

2. Expansion cocycle
Let {ft } be a codimension one Anosov flow on a compact manifoldM. Without loss
of generality we assume that all the Anosov distributions are orientable (otherwise, we
pass to an appropriate finite cover ofM). Choose a continuous Riemann structure〈·, ·〉
on M such that:
• T M = Euu ⊕ Ecs is an orthogonal splitting;
• X (the Anosov vector field) has length 1.

Let Z be a nonvanishingC∞ vector field onM which is everywhere transverse to
Ecs . Let Y be the projection ofZ on Euu relative to the chosen Riemannian metric.
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Then Y is a continuous, completely integrable nonvanishing vector field. If necessary,
modify the metric in a continuous fashion to makeY a unit vector field and define a
positive functionλ : M × R → R by

Txft (Yx) = λ(x, t)Yft x,

with x ∈ M and t ∈ R. We call λ the expansion cocycleof ft (relative to the chosen
Riemannian metric). Clearly,λ is continuous inx (we will show more later),C1 in t ,
limt→∞ λ(x, t) = ∞, and limt→−∞ λ(x, t) = 0 uniformly in x ∈ M. In fact, there exist
numbersK > 0 andc > 0 such that for allx ∈ M and t ≥ 0,

λ(x, t) ≥ Kect .

Define a 1-formω by
Ker(ω) = Ecs, ω(Z) = 1.

SinceEcs is of classC1 (see [Hb]), so is ω. (That is the only reason we neededZ:
to ensure thatω is smooth in a direction transverse toEcs .) Note also thatω(Y ) = 1.
(This is becauseZ = Y +V , whereV ∈ Ecs andω(V ) = 0.) By the Frobenius theorem,
ω divides dω, i.e. there exists a continuous 1-formη such thatdω = η ∧ ω. Define a
function u : M → R by

u(x) = η(Xx).

Then we have the following theorem.

THEOREM 2.1.
(a) The functionu is of classC1.
(b) For all x ∈ M and t ∈ R we have

u(ftx) = d

ds

∣∣∣∣
t

logλ(x, s).

Therefore

λ(x, t) = exp

{∫ t

0
u(fsx) ds

}
. (1)

(c) Let c andK be as above. Then for every pointx ∈ M and everyτ > 0,

1

τ

∫ τ

0
u(ftx) dt ≥ 1

τ
logK + c.

Proof. (a) We have

u = η(X)

= η(X)ω(Z) − η(Z)ω(X)

= (η ∧ ω)(X, Z)

= dω(X, Z)

= X(ω(Z)) − Z(ω(X)) − ω([X, Z])

= −ω([X, Z])
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becauseω(X) = 0 andω(Z) = 1. Since both [X, Z] and ω are of classC1, part (a)
follows.

(b) Note thatω(Tft (Zx)) = λ(x, t). Using the properties of the Lie derivative (see,
for instance, [Wa]), we obtain

u(x) = dω(X, Z)

= iZ(iXd + diX)ω

= iZ(LXω)

= (LXω)(Z)

= d

dt

∣∣∣∣
0

[ω(Tft (Zx))]

= d

dt

∣∣∣∣
0

λ(x, t).

Clearly,λ(x, t) is a multiplicative 1-cocycle over the Anosov flow, that is

λ(x, t + s) = λ(x, t)λ(ft (x), s). (2)

Differentiating the last equality with respect tos at zero, we obtain

u(ftx) = d

ds

∣∣∣∣
t

logλ(x, s).

This clearly implies formula (1).
(c) Let x be an arbitrary point andτ > 0. Then by (b),

∫ τ

0 u(ftx) dt = logλ(x, t) ≥
logK + τc, as desired. We remark that this could be used to construct an everywhere
positive functionu′ with properties analogous to those ofu, but we postpone this
until §4. �

COROLLARY 2.2. There exists a constant̀ > 0 such that ify ∈ Wuu(x), then for all
t > 0,

exp{−`du(x, y)} ≤ λ(x, −t)

λ(y, −t)
≤ exp{`du(x, y)}.

Heredu(x, y) denotes the distance betweenx andy alongWuu(x).

Proof. Supposey ∈ Wuu(x). Thend(f−sx, f−sy) ≤ Ae−µsd(x, y) for someA, µ > 0
and alls > 0. Let B = supM ‖du‖. If t > 0, then (1) implies

λ(x, −t)

λ(y, −t)
= exp

{ ∫ −t

0
[u(fsx) − u(fsy)] ds

}

≤ exp

{ ∫ t

0
|u(f−sx) − u(f−sy)| ds

}

≤ exp

{
B

∫ t

0
d(f−sx, f−sy) ds

}

≤ exp

{
AB

∫ t

0
e−µsdu(x, y) ds

}

= exp

{
−ABdu(x, y)

µ
(e−µt − 1)

}
(3)

≤ e`du(x,y),
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where` = AB/µ. Observe that (3) is increasing with respect tot . The ≥ part of the
inequality follows by switching the roles ofx andy. �

It is easy to see that our reasoning used in the proofs of Corollary 2.2 and Theorem 2.1
also proves the following result.

THEOREM 2.3. Let {ft } be an Anosov flow whose center stable distribution is of classCθ

for someθ ≤ 1. Letλ(x, t) be the determinant ofTxft onEuu. Then there exists aǹ> 0
such that for allx, y ∈ M with y ∈ Wuu(x), and all t > 0,

exp{−`du(x, y)θ } ≤ λ(x, −t)

λ(y, −t)
≤ exp{`du(x, y)θ }.

Therefore, there is some uniformity in the behavior ofx 7→ λ(x, t) along the strong
unstable manifolds of the flow. It is natural to ask the following question: can the
constant̀ be made as close to 0 as we want by suitably reparametrizing the flow? Or
even better: can the given flow be reparametrized to make the expansion cocycle of the
new flow independentof x?

The answer is yes, as we will see in§4.

3. Anosov flows for whichEsu is Lip–
The following simple lemma due to Ghys [Gh3] is crucial in the proof of the main
theorem of this section, Theorem 3.2. It basically says that ifR is a rectangle in
TxM whereM is a compactn-manifold admitting a volume preserving codimension one
Anosov flow {ft } such that two sides ofR are parallel to the strong stable spaceEss

x

and the other two are parallel to the strong unstable spaceEuu
x of ft , then the area of

f−t (R) tends to zero ast → ∞, provided thatn > 3.

LEMMA 3.1. Let f : E1 → E2 be a linear isomorphism of Euclidean spaces preserving
the orthogonal splittingEi = Si ⊕ Ui , wheredimUi = 1 (i = 1, 2). If dimE1 = n − 1
and‖f |S1‖ = ν, then for allws ∈ S2 andwu ∈ U2,

(detf )‖f −1(ws ∧ wu)‖ ≤ νn−3‖ws ∧ wu‖.
Proof. Let vs ∈ S1, vu ∈ U1 be arbitrary. Choose unit vectorse3, . . . , en−1 in S1 such
that e1 = vu, e2 = vs, e3, . . . , en−1 is an orthogonal basis ofE1. Then we have

‖vu ∧ vs‖ · detf = ‖f (e1 ∧ · · · ∧ en−1)‖

= ‖f (vu ∧ vs)‖
n−1∏
i=3

‖f (ei)‖

≤ νn−3‖f (vu ∧ vs)‖.
To complete the proof, takewu = f (vu), ws = f (vs). �

Now we can prove the main result of this section.

THEOREM 3.2. Let {ft } be a volume preservingC2 codimension one Anosov flow on a
compact manifoldM of dimensionn > 3. If the distributionEsu is of classLip–, then
{ft } admits a global cross-section.
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Proof. The main idea is to prove thatWss andWuu are jointly integrable foliations. This
means that, locally speaking, the projection from one center stable leaf to another along
Wuu-leaves maps the strong stable leaves to strong stable leaves. Plante [Pl1] showed
that whenWss and Wuu are jointly integrable, then the Anosov flow admits a global
cross-section, and we use his result.

Since the flow is volume preserving andn > 3, it follows from theC1 section theorem
of [HPS] that Euu is a C1 bundle. (Without loss of generality we may assume that it is
also orientable.) LetY andλ be as in§2; in our case,Y is C1. Let {φt } be the flow of
Y ; clearly,φt is alsoC1.

Let α be a 1-form onM defined by

Ker(α) = Esu, α(X) = 1,

whereX is the Anosov vector field. SinceEsu is of class Lip–, so isα. Moreover,α is
invariant with respect toft , that is,f ∗

t α = α for all t ∈ R.
Now let v be an arbitrary vector inEss . There exist continuous functionsav : R → R

andbv : R → R such that for allt ∈ R,

T φt (v) = av(t)Y + bv(t)X + Zv(t),

whereZv(t) ∈ Ess . We will show thatbv = 0 for all v ∈ Ess , by analyzing the behavior
of bv(t) under iteration of the Anosov flow on the vectorv. For that we need an estimate
of the size ofbv(t) for small t .

LEMMA 3.3. Let bv be as above. Then for every0 < θ < 1 there exists a constantC > 0,
independent ofv, such that for all|t | ≤ 1,

|bv(t)| ≤ C|t |θ‖v‖.

Proof. Let d̄ denote the distance function onT M (the tangent bundle ofM) induced by
some Riemannian metric on its tangent bundle. Sinceα is Lip–, for every 0< θ < 1
and everyε > 0 there exists a constantA(θ, ε) > 0 such that

|α(u) − α(w)| ≤ A(θ, ε)d̄(u, w)θ , (4)

for all u, w ∈ T M for which d̄(u, w) ≤ ε. (Note that on noncompact spaces likeT M,
Hölderness is a condition valid only on a ‘small scale’.) Also there exists anε0 > 0
such that for everyv ∈ Ess with norm ≤ 1 and every|t | ≤ 1,

d̄(T φt (v), v) ≤ ε0.

Let 0 < θ < 1 be arbitrary and setB = A(θ, ε0). Then for|t | ≤ 1 andv ∈ Ess, ‖v‖ ≤ 1,
we have

|bv(t)| = |α(T φt (v))|
= |α(T φt (v)) − α(v)|
≤ Bd̄(T φt (v), v)θ (5)

≤ B

∣∣∣∣
∫ t

0

∥∥∥∥ d

ds
[Txφs(v)]

∥∥∥∥ ds

∣∣∣∣θ (6)
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= B

∣∣∣∣
∫ t

0
‖(TφsxY )(Txφs)(v)‖ ds

∣∣∣∣θ (7)

≤ C|t |θ‖v‖θ , (8)

where C = B(supM ‖T Y‖ sup|s|≤1 ‖T φs‖)θ . Inequality (5) holds because of (4), (6)
follows from the definition of distance induced by a Riemannian metric (note that
s 7→ T φs(v), 0 ≤ s ≤ t , is a path inT M connectingv and T φt (v)), and (7) follows
from the first variation equation applied to theC1 vector fieldY .

Now let v ∈ Ess be arbitrary. Then, sincebv(t) is linear inv, we have

|bv(t)| = |‖v‖bv/‖v‖(t)|

≤ ‖v‖C|t |θ
∥∥∥∥ v

‖v‖
∥∥∥∥θ

(9)

= C|t |θ‖v‖.
Clearly, (9) follows from (8). This completes the proof of the lemma. �

Now set

σ(x, t, s) =
∫ s

0
λ(φrx, t) dr.

Observe that for every fixeds, σ(x, t, s) → 0 ast → −∞, uniformly in x.
The next step is to show that the flowsft andφs satisfy the following commutation

relation.

LEMMA 3.4. For all x ∈ M and t, s ∈ R,

ftφs(x) = φσ(x,t,s)ft (x). (10)

Proof. Since the foliationWuu is invariant with respect toft , there is a function
µ : M × R × R → R such that (10) holds withµ instead ofσ . We have to show
that µ = σ .

Differentiate (10) (withµ instead ofσ ) with respect tos. We get

Tft (Yφsx) = ∂µ

∂s
(x, t, s)Yftφs (x).

Solving for ∂µ/∂s and using the definition ofλ, gives (∂µ/∂s)(x, t, s) = λ(φsx, t),
which directly impliesµ = σ . �

The question of howbv(t) behaves under iteration of the flowft on v is answered by
the following lemma.

LEMMA 3.5. For everyv ∈ Ess
x and s, t ∈ R,

bv(s) = bTft (v)(σ (x, t, s)).

Proof. We have

bv(s) = (φ∗
s α)(v)
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= (φ∗
s f

∗
t α)(v)

= [(ftφs)
∗α](v)

= α(T (ftφs)(v))

= α(T (φσ(x,t,s)ft )(v)) (11)

= α

(
T φσ(x,t,s)Tft (v) + ∂σ

∂x
(v)Y

)
(12)

= α(T φσ(x,t,s)Tft (v)) (13)

= bTft (v)(σ (x, t, s)),

as desired. Equality (11) follows from Lemma 3.4, (12) follows by the chain rule, and
(13) holds becauseα(Y ) = 0. �

Set ν = supx∈M ‖Txf1|Ess ‖. Let s 6= 0, |s| ≤ 1, andv ∈ Ess be arbitrary but fixed.
We will show thatbv(s) = 0.

By Corollary 2.2 it follows that if|s| ≤ 1, then

|σ(x, −t, s)| =
∣∣∣∣
∫ s

0
λ(φrx, −t) dr

∣∣∣∣
≤

∣∣∣∣
∫ s

0
e`rλ(x, −t) dr

∣∣∣∣
= e`|s|λ(x, −t). (14)

Sinceλ(x, −t) tends to zero exponentially andn > 3, we can chooseθ sufficiently close
to one so that

ν(n−3)tσ (x, −t, s)θ−1 → 0, (15)

as t → ∞ uniformly in x. Let C ′ = Ce`. Then we have

|bv(s)| = |bTf−t (v)(σ (x, t, s))|
≤ C|σ(x, −t, s)|θ‖Tf−t (v)‖ (16)

= C|σ(x, −t, s)|‖Tf−t (v)‖|σ(x, −t, s)|θ−1

≤ C ′|s|λ(x, −t)‖Tf−t (v)‖|σ(x, −t, s)|θ−1 (17)

= C ′|s|‖Tf−t (Yx ∧ v)‖|σ(x, −t, s)|θ−1

≤ C ′|s|‖v‖ · ν(n−3)t |σ(x, −t, s)|θ−1 (18)

→ 0,

as t → ∞. Inequality (16) follows from Lemma 3.3 (clearly, we may assumet is so
large that|σ(x, −t, s)| ≤ 1), (17) follows from (14), while (18) is a consequence of
Lemma 3.1. The expression in (18) tends to zero by (15). Note that the hypothesis
n > 3 is strongly used here.

Therefore,bv(s) = 0 for everyv ∈ Ess and |s| ≤ 1. It is easy to verify that

bv(t + s) = bv(t) + bZv(t)(s),

which immediately implies thatbv(t) = 0 for everyt ∈ R and everyv ∈ Ess , i.e. T φt (v)

has no component in theX direction.
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To complete the proof of Theorem 3.2, we need to show that the foliationsWss and
Wuu are jointly integrable.

Let U be an open subset ofM and letL0 andL1 be the plaques lying inU of two
leaves of the foliationWcs . ChooseU so small that the projectionP : L0 → L1 along
the leaves ofWuu is well defined. There is a continuous functionτ : L0 → R such that
for all x ∈ L0,

P(x) = φτ(x)(x).

SinceWuu is C1, so areτ (by the implicit function theorem) andP .
Now let c : J → L0 be aC1 curve lying in a single strong stable leaf inL0 (J is

some open interval inR). Then by the chain rule

d

ds
[P(c(s))] = T φτ(c(s))(ċ(s)) + dτ(ċ(s))Y.

Therefore,T P (ċ(s)) = (d/ds)[P(c(s))] has no component in theX direction. Since
T P (ċ(s)) also belongs toEcs for all s ∈ J , it follows that, in fact,T P (ċ(s)) belongs to
Ess for all s. Since the pathc in Wss was arbitrary, we have proved

P(Wss(x) ∩ L0) ⊂ Wss(P (x)) ∩ L1,

for all x ∈ L0. ThereforeWss andWuu are jointly integrable and the proof of Theorem 3.2
is complete. �

4. Synchronization
In this section we show that it is possible to suitably reparametrize certain types of Anosov
flows so that their properties become ‘synchronized’ in the sense described below. The
results are similar to some conclusions of Marcus [Ma1], [Ma2], Margulis [Mg] and
Ghys [Gh1], [Gh2], but our methods differ from theirs.

First we recall some basic facts. Suppose{f ′
t } is a reparametrization of an Anosov

flow {ft } on M obtained by multiplying the generating vector fieldX by a C1 function
v: X′ = vX. Then f ′

t is also an Anosov flow whose orbits coincide with the orbits
of the original flow. In particular,f ′

t admits a cross-section if and only ifft does.
Furthermore, the center stable distributions off ′

t and ft are identical, and the same is
true for the center unstable ones. It is, in fact, possible to show that every vector in
the strong stable distributionEss ′

of f ′
t is of the formv + ξ(v)X for somev ∈ Ess ,

whereξ is some 1-form onEss . (An analogous statement is true for the strong unstable
distributions.) A word of caution is needed here: reparametrization doesnot preserve
the strong distributions unlessv is a constant function.

If f ′
t is a reparametrization of a flow (not necessarily Anosov)ft by a functionv,

then there exists a function% : M × R → R such that

f ′
t (x) = f%(x,t)(x)

for all x ∈ M and t ∈ R. We state the following lemma and omit its straightforward
proof.
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LEMMA 4.1.
(a) For all x and t .

%(x, t) =
∫ t

0
v(f ′

s x) ds.

(b) %(x, t + s) = %(x, t) + %(f ′
t x, s) (x ∈ M, t ∈ R).

(c) For everyx ∈ M andw ∈ TxM,

Txf
′
t (w) = Txf%(x,t)(w) + ∂%

∂x
(w)X.

Let {ft } be a Cr (r ≥ 2) Anosov flow onM. We make the following standing
hypothesis for this section:
• {ft } is transitive (i.e. there is a dense orbit);
• Ecs = Ess ⊕ Ec is of classC1;
• Euu is orientable (but not necessarily one-dimensional).

Let F be aC∞ sub-bundle ofT M complementary toEcs , i.e. dimF = dimEuu = k

and T M = Ecs ⊕ F , and choose a smooth Riemann structureR on M. SinceF is
orientable, it has aC∞ volume k-form ωF . Define ak-form ω on the wholeT M by
extendingωF as follows:

Ker(ω) = Ecs, ω|F = ωF .

The first part of the definition just means thatiV ω = 0, for every vectorV ∈ Ecs ,
whereiV denotes inner multiplication byV . (Good references for elements of the calculus
of differential forms are [Wa] and [GHL ].)

Our next aim is to modify the existing Riemann structureR onM, so that with respect
to the new structureR∗, ω behaves nicely when pulled back by the Anosov flow.

Let p : Euu → F be the bundle isomorphism given by an orthogonal projection
relative toR. Define a new Riemann structureR∗ on M by declaring the following:
(1) with respect toR∗, Euu is orthogonal toEcs ;
(2) R∗ andR coincide onEcs ;
(3) p : (Euu,R∗) → (F,R) is an isometry.

We callR∗ the Riemann structureadapted toω andEuu. The important point in its
definition is (3), as we shall see below.

Finally, let λ(x, t) be the determinant ofTxft |Euu relative toR∗. Then we have the
following result.

THEOREM 4.2.
(a) For all x ∈ M and t ∈ R,

(f ∗
t ω)x = λ(x, t)ωx.

(b) ω is C1 anddω = η ∧ ω for some continuous 1-formη.
(c) Let u = η(X); call it the ‘u-function’ corresponding toω andX. Thenu is C1 and

u(ftx) = d

ds

∣∣∣∣
t

logλ(x, s).
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Proof. (a) First note the following. IfC is anR∗-unit cube inEuu, then, by construction,
p(C) is anR-unit cube inF . Furthermore, ifC = Y1 ∧ · · · ∧ Yk, thenp(Yj ) − Yj ∈ Ecs ,
so ω(C) = ω(p(C)). Sinceω|F was anR-volume form forF , we have

ω(C) = ω(p(C)) ≡ 1.

Now let U ⊂ M be a small open set over whichEuu is trivial and let x 7→ Cx

be a continuous family ofR∗-unit cubes inEuu, for x ∈ U . Then for small t ,
ft∗(C) = λ(x, t)Cftx . Therefore,

(f ∗
t ω)x(Cx) = ω(ft∗(Cx))

= λ(x, t)ωftx(Cftx)

= λ(x, t)

= λ(x, t)ωx(Cx),

hence,(f ∗
t ω)x = λ(x, t)ωx , for small t . But by the cocycle property ofλ, this identity

extends over all(x, t) ∈ M × R.
(b) By our standing assumption in this section thatEcs is C1, and sinceF is C∞,

it follows that ω is C1. The second part of (b) is just a restatement of the Frobenius
theorem for the integrable distributionEcs .

(c) To show thatu is C1, let Z1, . . . , Zk be aC∞ R-orthonormal frame inF |U , which
trivializes F over some small open setU , and such thatω(Z1, . . . , Zk) ≡ 1. Then we
have

u = η(X)

= η(X)ω(Z1, . . . , Zk)

= (η ∧ ω)(X, Z1, . . . , Zk) (19)

= dω(X, Z1, . . . , Zk) (20)

= X(ω(Z1, . . . , Zk)) +
k∑

i=1

(−1)iZi(ω(X, Z1, . . . , Ẑi , . . . , Zk))

+
∑
i<j

(−1)i+jω([Zi, Zj ], Z0, . . . , Ẑi , . . . , Ẑj , . . . , Zk) (21)

=
∑
i<j

(−1)i+jω([Zi, Zj ], Z0, . . . , Ẑi , . . . , Ẑj , . . . , Zk), (22)

where Z0 = X and the hat denotes omission. The expression in (22) is of classC1

because bothω and [Zi, Zj ] are C1, for all i, j . Identity (19) holds becauseiXω = 0,
(20) follows from the Frobenius theorem (dω = η ∧ ω), and (21) can be found in [Wa,
Proposition 2.25(f), p. 70]. Finally, (22) holds becauseω(Z1, . . . , Zk) is identically equal
to one (by definition), so itsX derivative is zero, andZi(ω(X, Z1, . . . , Ẑi , . . . , Zk)) =
Zi(0) = 0.

To show the second part of (c), consider (20) and recall that the Lie derivative (with
respect toX), LX, can be written asLX = diX + iXd. SincediXω = d0 = 0, and (20)
is equal to(iXdω)(Z1, . . . , Zk), we have

u = (LXω) (Z1, . . . , Zk)
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= d

dt

∣∣∣∣
0

(f ∗
t ω)(Z1, . . . , Zk) (23)

= d

dt

∣∣∣∣
0

λ(x, t).

Identity (23) is an alternative definition of the Lie derivative of a differential form. The
proof can now be completed in exactly the same way as in part (b) of Theorem 2.1.�

Observe thatu measures the rate of expansion of the flow alongEuu. If u(x) < 0
for somex, then in a neighborhood ofx in M, Tft |Euu might not really be expanding
for small t . To avoid this unnatural and temporary behavior, we show that it is possible
to modify the Riemann structureR∗ (and therefore modifyλ) in a continuous fashion
to obtainu > 0. Thus, after this modification,ft becomes ‘immediately expanding’ on
Euu.

LEMMA 4.3. Let {ft } be as above. Then there exists a continuous Riemann structure on
M with respect to whichu > 0.

Proof. Recall thatλ(x, t) ≥ Kect , for all x ∈ M, t > 0 and someK, c > 0. If K ≥ 1,
then by Theorem 4.2(c) (see also Theorem 2.1(c) for a similar calculation),

1

τ

∫ τ

0
u(ftx) dt ≥ 1

τ
logK + c ≥ c > 0,

for every x ∈ M and τ > 0, so by lettingτ → 0+, we obtainu(x) > 0, and we are
done.

If K < 1, chooseτ0 > 0 so thatc0 = (logK)/τ0 + c > 0. Again by Theorem 4.2(c),
if a periodic pointx has periodτ ≥ τ0, then

1

τ

∫ τ

0
u(ftx) dt ≥ c0 > 0.

Let P be the union of all periodic points of{ft } whose period is longer thanτ0. Then
there are only finitely many periodic orbits of{ft } which arenot in P (for details see
[PM, p. 100]), so by transitivity of the flow,P is dense inM. A standard argument
(see, for instance, [Gh3, Lemma 2.4]) shows that everyft -invariant Borel probability
measure onM can be approximated by convex combinations of invariant probabilities
concentrated on periodic orbitsin P , so the previous inequality implies∫

M

u dν ≥ c0 > 0,

for every invariant Borel probability measureν on M. Approximateu by aC∞ function
w such thatδ = supM |u − w| < c0/4. Let u0 = w − δ. Then

u0 = (w − u − δ) + u ≤ u,

and for any invariant probability measureν on M∫
M

u0 dν =
∫

M

(u0 − u) dν +
∫

M

u dν

≥ −2δ + c0

≥ 1
2c0.

The following ‘sublemma’ due to Ghys [Gh3] makes use of this property ofu0.
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SUBLEMMA. There exists aC∞ functionv : M → R such thatX(v) < u0.

We omit the proof which can be found in [Gh3, Lemma 2.5].
Continuing with the proof of Lemma 4.3, consider the 1-form

ω̄ = e−vω.

It is of classC1 and defines the same plane field asω, namelyEcs . It is easy to see that

dω̄ = (η − dv) ∧ ω̄.

Furthermore,(η−dv)(X) = u−X(v) ≥ u0 −X(v) > 0. Let η̄ = η−dv andū = η̄(X).

Note thatη̄(X) is theu-function corresponding tōω andX. We haveū(x) > 0 for all
x ∈ M and η̄ satisfies part (c) of Theorem 4.2 ifλ(x, t) is taken relative to the Riemann
structure adapted tōω andEuu. This completes the proof of Lemma 4.3. �

Thus, without loss of generality we may assume that, with respect to some continuous
Riemann structure onM, theu-function corresponding toω andX satisfiesu > 0.

Sinceu > 0, the vector field

X′ = 1

u
X

is well defined. Let{f ′
t } denote its flow. Thenf ′

t is an Anosov flow and its center
distributions coincide with the corresponding center distributions offt . Clearly,f ′

t is also
transitive. LetEuu′

be the strong unstable distribution off ′
t . As remarked above, there is

a 1-formξ such that every vectorw in Euu′
can be written in the formw = v+ξ(v)X for

somev ∈ Euu. Therefore,Euu′
is an orientable bundle. Having verified the hypothesis

at the beginning of the section, the synchronization procedure used above will now be
applied to the flow{f ′

t }. Observe thatf ′
t is only of classC1; however, this is not a

problem simply because we do not need ‘Cr -ness’ of the flow any more (we originally
needed it withr ≥ 2 because the invariant section theorem of [HPS] requires that the
bundle map be at least as differentiable as the invariant distribution obtained by it). So
we proceed in the following manner.

First we perform the ‘adaptation’ (as described above) of the Riemann structure toω

andEuu′
, and letλ′(x, t) be the determinant ofTxf

′
t on Euu′

with respect to the adapted
metric. Since the center stable distribution off ′

t coincides with the one for the original
flow, we can ‘recycle’ω (which is defined byEcs); hence we can also ‘recycle’η. Set
u′ = η(X′). This is theu-function corresponding toω andX′. Therefore, the formula in
Theorem 4.2(c) remains valid in this new setting; namely,

d

ds

∣∣∣∣
t

logλ′(x, s) = η(X′) = u(f ′
t x).

However,

u′ = η

(
1

u
X

)
= 1,

and hence
λ′(x, t) ≡ et .

Thus we have proved the following result.
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THEOREM 4.4. Let {ft } be a transitiveCr (r ≥ 2) Anosov flow on a compact manifoldM,
such that its center stable distribution is of classC1 and its strong unstable distribution
is orientable. Then there exists a continuous Riemann structure onM and a C1

reparametrization{f ′
t } of {ft } such that the determinant off ′

t on its strong unstable
distribution is identically equal toet .

Moreover, if the center stable bundle of the original flow is of classCs for somes ≥ 1,
then the new flow is of classCmin(r,s), with noninteger values ofr and s allowed.

We will call {f ′
t } the synchronizationof the flow {ft }.

We suppose that the reader is now curious to see what are some possible advantages
of the synchronized flow over the original flow, so we refer to the next two sections
where we focus on codimension one flows for which these advantages are most visible.

5. Some applications of synchronization
We will say that a Lie groupG actslocally freely on a manifoldM if the isotropy group
(or stabilizer) of the action at every point is a discrete subgroup ofG. In that case, the
orbits of the action form a foliation ofM of dimension dimG.

Denote byG the Lie group of orientation-preserving affine transformations of the real
line. Then we have the following.

THEOREM 5.1. If a compact manifoldM admits aC2 transitive codimension one Anosov
flow whose strong unstable bundle is orientable, thenG acts locally freely onM. This
action (i.e. the mapG × M → M) is of classC1.

Proof. Let g be the Lie algebra ofG. It is well known (see, for instance, [Wa]) that g
has two generators,A andB, which satisfy the relation

[A, B] = −B.

Let X be the Anosov field of the synchronized flow{ft } and Y a section of its strong
unstable bundle such thatTft (Y ) = etY . (This can be done by Theorem 4.4.) Then,
clearly, [X, Y ] = −Y , which implies thatG acts onM. The orbits of this action are the
leaves of the center stable foliation of the synchronized flow. Letx ∈ M be arbitrary,
and denote bySx the stabilizer of the action atx, that is, the set of all elements ofG

which havex as a fixed point. Ifx is a periodic point of the Anosov flow, thenSx is
free cyclic, otherwiseSx is trivial. Therefore, the action ofG on M is locally free. It is
not difficult to see that it is also of classC1. �

It is easy to see that the synchronization of a volume-preserving flow is volume
preserving: if the flow ofX preserves a volume form�, and X′ = (1/u)X is the
synchronized vector field, then the flow ofX′ preserves the volume form�′ = u�:

LX′�′ = (diX′ + iX′d)�′

= diX′�′

= diX

(
1

u
�′

)
= LX�

= 0.
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For simplicity of notation, denote the synchronized flow of a volume-preserving
codimension one Anosov flow by{ft }, the vector field tangent to it byX and assume
it preserves aC1 volume form�. Let Y be a continuous unit vector field in the strong
unstable bundle of{ft } which is the projection toEuu of some C∞ vector field Z

everywhere transverse toEcs (cf. the previous section). Define 1-formsα andω, and an
(n − 2)-form θ by
• Ker(α) = Esu, α(X) = 1;
• Ker(ω) = Ecs , ω(Y ) = 1;
• θ = iXiY �.
Thenω is of classC1, while α andθ are only continuous. However, the nullspace ofθ ,
i.e. Ecu, is an integrable distribution so by Hartman’s version of the Frobenius theorem
dθ exists in the Stokes sense. Furthermore, we have the following result which we will
use in the next section.

THEOREM 5.2.
(a) dω = α ∧ ω.
(b) dθ = −α ∧ θ .
(c) α is closed on the leaves ofWcs andWcu.

Proof. (a) By the Frobenius theorem there is a continuous formη such thatdω = η ∧ ω.
Since detTft on Euu is identically et , we havef ∗

t ω = etω for all t . It follows that
f ∗

t (dω) = df ∗
t ω = d(etω) = etdω, hence

(f ∗
t η) ∧ ω = e−t f ∗

t (η ∧ ω)

= e−t f ∗
t (dω)

= e−t etη ∧ ω

= η ∧ ω.

Elementary calculus of differential forms implies that there exists a continuous function
k : R × M → R such that

f ∗
t η − η = k(t, x)ω. (24)

Evaluate both sides of (24) at an arbitrary vectorv ∈ Ess . Sinceω(v) = 0, we obtain

|η(v)| = |(f ∗
t η)(v)|

= |η(Tft (v))|
≤ ‖η‖∞‖Tft (v)‖
→ 0,

as t → ∞. Since we know from before thatη(X) = 1 (see§4), it follows that the
restrictions ofα and η to the distributionEcs are identical. Thus, there is a function
h : M → R such thatη = α + hω, which implies

η ∧ ω = α ∧ ω,

as desired. Note that the proof does not use volume preservation.
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(b) By the Frobenius theorem there exists a continuous 1-formβ such thatdθ = β∧θ .
We will show that the restrictions ofβ and−α to Ecu coincide.

Observe that the determinant ofTft on Ess is identicallye−t . So just as we showed
that f ∗

t ω = etω, we can in exactly the same fashion show that

f ∗
t θ = detTft |Ess = e−t θ,

i.e. LXθ = −θ . SinceLX = diX + iXd and iXθ = 0, we have

−θ = iX dθ

= iX(β ∧ θ)

= β(X)θ.

Thusβ(X) = −1. Following the procedure in part (a), it is easy to show thatβ(Y ) = 0.
Hence−β andα are identical as forms on the leaves ofWcu and thereforedθ = −α∧θ ,
as desired.

(c) Part (a) implies (see, for instance, [HH ]) that the integral ofα over any loop
contained in a leaf ofWcs equals the logarithm of the linear part of the holonomy of the
foliation Wcs . So if D is a disk contained in a leaf ofWcs , then

∫
∂D

α = 0, since trivial
loops (such as∂D) carry no holonomy. Thus the Stokes differential ofα on each leaf
of Wcs is zero.

Similarly, the integral of−α over a loop contained in a leaf ofWcu is equal to the
logarithm of the absolute value of the determinant of the holonomy of the foliationWcu.
The same argument as above then shows that−α is closed in the Stokes sense on every
leaf of Wcu. �

More applications of the method of synchronization are given in the next section.

6. Invariant forms and the Godbillon–Vey class of the center stable foliation
In this section we consider bounded forms invariant with respect to a codimension one
Anosov flow. We showed in [Si1] and [Si2] (see also [Gh3]) that such forms of degree
two must vanish everywhere; here we extend that result and apply it to a discussion of
the Godbillon–Vey class of the center stable foliation.

THEOREM 6.1. Every boundedk-form on a compact manifoldM of dimensionn > 3
which is invariant with respect to some codimension one Anosov flow onM vanishes if
2 ≤ k ≤ n − 2.

Proof. Let β be a boundedft -invariant form of degreek on M, with 2 ≤ k ≤ n − 2,
whereft is some codimension one Anosov flow onM. Since the proof in the casek = 2
will be obvious from what follows, we will assumek > 2.

Choose a continuous Riemann structure onM, relative to which the bundlesEc, Ess

and Euu are orthogonal. As before, letX be the Anosov vector field and letY be a
continuous section ofEuu. Without loss we may assumeX andY have unit length. Let
x ∈ M be an arbitrary point and atx, choose an arbitrary orthonormal basis ofEss :
v1, . . . , vn−2. It suffices to show that

β(X, Y, v1, . . . , vk−2) = 0 and β(Y, v1, . . . , vk−1) = 0.
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Let C = X ∧ Y ∧ v1 ∧ · · · ∧ vn−2 be the corresponding unit cube inTxM. Denote by
1(x, t) the determinant ofTxft . Thus 1(x, t) = ‖ft∗(C)‖. As shown by Plante in
[Pl1], Egoroff’s theorem implies that the set of pointsx for which 1(x, t) tends to∞
as |t | → ∞ has Lebesgue measure zero. Therefore for a.e.x ∈ M, there is a sequence
(ti) converging to∞ such that1(x, ti) stays bounded asi → ∞. Call such a sequence
(ti) a good sequenceand the corresponding points (for which there is a good sequence),
good points. Consider the following two cases.

Case 1.Let ν > 1 be such that‖Tf−t (v)‖ ≥ νt‖v‖, for large t and v ∈ Ess . Set
B = ‖β‖∞. If x is a good point, then

|β(X, Y, v1, . . . , vk−2)| = |(f ∗
−tβ)(X, Y, v1, . . . , vk−2)|

= |β(f−t∗(X ∧ Y ∧ v1 ∧ · · · ∧ vk−2))|
≤ B‖f−t∗(X ∧ Y ∧ v1 ∧ · · · ∧ vk−2)‖
= B

‖f−t∗(C)‖
‖f−t∗(vk−1 ∧ · · · ∧ vn−2)‖

≤ B1(x, t)ν−(n−k)t

→ 0,

wheret → ∞ along a good sequence. Note thatn − k ≥ 2.

Case 2.Similarly, if x is a good point, we have

|β(Y, v1, . . . , vk−1)| = |(f ∗
−tβ)(Y, v1, . . . , vk−1)|

= |β(f−t∗(Y ∧ v1 ∧ · · · ∧ vk−1))|
≤ B

‖f−t∗(C)‖
‖f−t∗(X ∧ vk ∧ · · · ∧ vn−2)‖

≤ B1(x, t)ν−(n−k−1)t

→ 0,

as t → ∞ along a good sequence. Observe thatn − k − 1 ≥ 1.

Since the set of good points has full measure inM, the proof is now complete. �

Let us apply the previous theorem to a calculation of the Godbillon–Vey class of
the center stable foliation of a codimension one Anosov flow. Recall that for aC2

codimension one foliationF whose tangent bundle is the nullspace of aC2 1-form ω,
the Godbillon–Vey class ofF , GV (F), is a class in the third de Rham cohomology
spaceH 3(M, R) of the underlying manifoldM, defined in the following way. By the
Frobenius theorem there exists aC1 form η such thatdω = η ∧ ω. It can be shown (see
[To]) that the de Rham cohomology class of the 3-formη ∧ dη does not depend on the
choice ofη, nor on the choice ofω. So we can define

GV (F) = {η ∧ dη},

where the curly braces signify de Rham cohomology class.
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Remark.The definition of the Godbillon–Vey class was extended by Hurder and Katok
in [HK ] to codimension one foliations of classC1+ε on 3-manifolds whereε > 1/2. It
follows from a theorem of Rademacher that the Godbillon–Vey class is defined when
the codimension one foliation isC1+Lip. However, despite the general feeling of experts
that the Godbillon–Vey class is definable in higher dimensions (>3) for codimension one
foliations of classC1+ε with ε > 1/2, I am still not aware of any written proof of that.

Now consider the center stable foliation of a codimension one Anosov flow in
dimension> 4 and assume that it is possible to define its Godbillon–Vey class,GV .
Consider the synchronizationft of the original flow and the Godbillon–Vey class of its
center stable foliation which, clearly, coincides withGV . Theorem 5.2 suggests that,
sincedω = α ∧ ω, andGV = {α ∧ dα} (where it remains to make sense out ofdα in
the case whenα is just Hölder), there is a representative ofGV which is invariant with
respect toft . Theorem 6.1 then implies thatGV = 0. Because of this we make the
following conjecture.

Conjecture.If the Godbillon–Vey class of the center stable foliation of a codimension
one Anosov flow in dimension> 4 is definable, then it automatically vanishes.

The following theorem gives a positive answer to the conjecture provided thatWcs

is differentiable enough. Part (a) of the theorem appears in a weaker form in the paper
[Gh3] with incomplete proof. (Namely, in [Gh3] the following result from [Ve] is used,
the proof of which is incorrect: the lift of the center stable foliation of any codimension
one Anosov flow to the universal covering space is given by aC1 submersion.Étienne
Ghys has informed me that he has an alternative unpublished proof of his result.)

THEOREM 6.2. Let {ft } be a C2 volume preserving codimension one Anosov flow on a
compact Riemannian manifoldM of dimensionn > 3. If the center stable distribution
Ecs of the flow is of classC1+Lip–, then:
(a) the flow admits a global cross-section;
(b) the Godbillon–Vey class ofWcs is zero.

Proof. (a) First note that the main obstacle in this proof is that the strong unstable
bundle of the synchronization of{ft } does not have to be of classC1, despite volume
preservation. The reason is simple: the synchronized flow is not necessarily of classC2,
so theC1 section theorem does not apply. However, we claim that the strong unstable
bundle of the synchronized flow is Lip–.

To see this, assume for simplicity of notation that the original flow has been
synchronized; call it{ft } and let the corresponding splitting beT M = Ec ⊕ Ess ⊕ Euu.
Since theu-function used in reparametrization is as smooth asWcs (see Theorem 4.4),
it follows that Tft is Lip–. Let the Lipschitz constant off−1 be µ. Clearly,
µ = ‖Tf−1|Ess ‖ > 1. Note that the norm ofTf−1 on Euu is 1/e, because theEuu-
determinant has been synchronized. Since dimM > 3, we have thatµ/e < 1, and,
in particular, µθ/e < 1, for every θ < 1. The Ḧolder section theorem (see [Sh,
Theorem 5.18(c)]) now implies thatEuu is θ -Hölder for all θ < 1, as desired.

By Theorem 5.2, we may assume

dω = α ∧ ω, (25)
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whereω and α have the same meaning as before. Note that (25) alone does not yet
imply that α is of class Lip–, which is what we would like to show. However, sinceω

is C1+Lip–, there exists a Lip– 1-formη such thatdω is also equal toη ∧ ω. Elementary
calculus of differential forms implies thatη − α is a multiple ofω, i.e. there exists a
continuous functionh : M → R such that

η = α + hω. (26)

Evaluate both sides of (26) atY , a nonsingular Lip– section ofEuu such thatω(Y ) = 1.
Then sinceα(Y ) = 0, we have

η(Y ) = h.

Therefore,h is of class Lip–, hence so isα. By Theorem 3.2, it follows that{ft } admits
a global cross-section.

(b) By part (a) and Theorem 3.2 we actually have thatWss and Wuu are jointly
integrable. This, by [Pl1], implies thatEsu is integrable. Therefore, by [Ha], dα exists
in the Stokes sense, andα ∧ dα = 0. It is easily seen that this impliesdα = 0. Thus

GV (Wcs) = {α ∧ dα} = 0,

as desired. �

Remark.Hurder and Katok showed that if dimM = 3, then the center stable foliation is,
indeed, of the differentiability class required in Theorem 6.2 (in fact, they showed even
more; see [HK ]). It is an open question as to under which conditions the same statement
is true in higher dimensions.

Note that a slight modification of the proof of Theorem 6.2 gives us the following
simple lemma on differential forms.

LEMMA 6.3. Supposeα, η andω are 1-forms on a manifoldM, andY is aC1 vector field
on M. If η and ω are of classC1, ω(Y ) > 0, α(Y ) = 0 and α ∧ ω = η ∧ ω, thenα is
also of classC1.

COROLLARY 6.4. If {ft } is a C2 volume preserving codimension one Anosov flow on a
compact Riemannian manifoldM of dimensionn > 3 and its center stable foliationWcs

is of classC2, then both the strong stable and strong unstable bundle of the synchronization
of {ft } are of classC1.

Proof. It follows from Lemma 6.3 that theEsu-bundle (call itF ) of the synchronized
flow {f ′

t } as well as its strong unstable bundle (call itFuu) are of classC1. Let us
show that the strong stable bundle,F ss of the synchronized flow is alsoC1. We will
use theC1 section theorem of [HP]. More specifically, we closely follow the proof of
Theorem 6.3 of [HP].

Approximate in theC0 senseF ss by a C1 sub-bundleF 0 of F . For eachx ∈ M let
Lx be the space of linear mapsF 0 → Fuu with norm ≤ 1. We seekF ss

x as the graph of
an element ofLx , that is, we are looking for a section of the bundleL → M invariant
relative toT h, whereh = f ′

−1.
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Let 0 : L → L be the graph transform induced byT h : F 0 ⊕ Fuu → F 0 ⊕ Fuu. If
the matrix ofT h relative to the splittingF 0 ⊕ Fuu is[

A B

C D

]
,

then0 is defined by the formula

0(σ) = (C + Dσ) · (A + Bσ)−1,

whereσ is a section ofL → M. Let ε > 0 be as small as we want. Then we can choose
F 0 so close toF ss that the Lipschitz constant of0, L(0), can be estimated as follows:

k := L(0) ≤ ‖D‖‖A−1‖ + ε

≤ µν + ε,

whereµ = ‖Tf−1|Fuu‖ < 1 andν = ‖Tf1|F ss ‖ < 1. On the other hand, for the base
maph we have the following estimate:

` := L(h−1) = L(f1) ≤ ‖Tf1|Fuu‖.
If ε is sufficiently small, thenk` < 1. By theC1 section theorem, it follows that0 has a
unique invariant section which is of classC1. Since that section must beF ss , the proof
of the corollary is complete. �

In [HK ], Hurder and Katok asked whether a similar effect can be achieved by
reparametrizing an Anosov flow with the same properties as above but in dimension
three. This was answered positively by Ghys in [Gh2]. Our corollary gives a positive
answer to a similar question in dimensions> 3.
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