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Intuitively speaking, the Lie bracket [X,Y ] of smooth vector fields X,Y on a smooth manifold
M measures the rate of change of the vector field Y along X. There are many ways to think of
[X,Y ]. Here we describe three of them, all equivalent to each other.

I. Vector fields as derivations point of view. The easiest one to state but not the most intuitively

clear one. Recalling that vector fields are derivations of smooth function, we define for any
smooth function f : M → R,

[X,Y ]f = X(Y f)− Y (Xf).

Here Y f : M → R is defined by (Y f)(p) = Ypf , where Yp is the value of the vector field Y
at p ∈ M . Similarly for Xf . The functions Xf and Y f are smooth, since X,Y, and f are
smooth objects.

II. Geometric point of view. Denote the flow of X by φ. Recall that φ is a map from R×M to M
( assuming that all flow lines are defined for all time t, which is the case, for instance, if M

is compact) and that φ(t, p) = xp(t), where xp is the unique solution of the ODE ẋ = X(x)
satisfying the initial condition x(0) = p. That is,

d

dt
φ(t, p) = X(φ(t, p)), φ(0, p) = p.

Set φt(p) = φ(t, p). Uniqueness of solutions of the ODE ẋ = X(x) implies that

φs ◦ φt = φs+t,

for all s, t ∈ R.
Fix p ∈ M and consider Yφt(p). We would like to define [X,Y ]p as the rate of change of

Y along the flow lines t 7→ φt(p). Since [X,Y ] is a vector field, [X,Y ]p has to be an element
of TpM . Therefore, differentiating Yφt(p) with respect to t would make little sense, since for
different values of t, the vectors Yφt(p) lie in different tangent spaces. However, we can use

the time-t map φt of the flow to compare Yφt(p) with Yp. This can be done in the following
way.

Recall that φt : M → M is a diffeomorphism. It takes p to φt, so Tpφt maps TpM

isomorphically onto Tφt(p)M . (Observe that (Tpφt)
−1 = Tφt(p)φ−t.) So we can compare Yp

with (Tpφt)
−1(Yφt(p)) (both vectors are in TpM), take the difference quotient and let t→ 0.

See Fig. 1.

We obtain:

[X,Y ]p =
d

dt

∣

∣

∣

∣

t=0

(Tpφt)
−1(Yφt(p)) = lim

t→0

(Tpφt)
−1(Yφt(p)) − Yp

t
.
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Figure 1. Measuring how Y varies along the flow of X.

III. Dynamical point of view. Denote the flow of Y by ψ (and the time-t maps by ψt) and the
flow of X by φ as above. Fix a point p ∈M and define a curve γp by

γp(t) = ψ−t ◦ φ−t ◦ ψt ◦ φt(p).

See Fig. 2.
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Figure 2. The curve γp.

Since φ and ψ are smooth, so is γp. We can think of γp as a measure of non-commutativity
of the flows φ and ψ.

Clearly, γp(0) = p. It can be shown with some effort that

γ̇p(0) = 0.

Whenever we have a curve c : (−ε, ε) →M with c(0) = p and ċ(0) = 0, we can define a new
tangent vector c̈(0) in TpM by

c̈(0)f = (f ◦ c)′′(0),

for any smooth function f : M → R. (Of course, if M = R
n, then c̈(0) is just the usual

second derivative, or acceleration, of c at zero.) Note that for c̈(0) to be a tangent vector,

it has to be a derivation, so it needs to satisfy the Leibniz rule, A simple calculation shows
that this is indeed the case, thanks to the fact ċ(0) = 0. So what is γ̈p(0)? Answer:

γ̈p(0) = 2[X,Y ]p.

Thus by making the zig-zag motion described by γp – following X for t seconds, then
following Y for t seconds, then following X for −t seconds and finally following Y for −t

seconds – we infinitesimally move in the direction of [X,Y ]p. More precisely,

ψ−t ◦ φ−t ◦ ψt ◦ φt(p) = βt2(p) + o(t2),
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where β is the flow of [X,Y ] and o(t2)/t2 → 0, as t → 0. (Of course, addition makes sense
only if we’re in a Euclidean space, which is okay, since we are working locally, near p.)

Elaborating further, it is not too hard to show that

[X,Y ] = 0 iff φt ◦ ψt = ψt ◦ φt,

for all t. One can make an even stronger statement:

[X,Y ] = 0 iff φs ◦ ψt = ψt ◦ φs,

for all s and t (where s is not necessarily the same as t). Therefore, two vector fields commute

if and only if their flows do.
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E-mail address: simic@math.sjsu.edu


