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Please ask if you do not understand the answers.
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4.1 # 4

a) P (1) : 13 =
(

1(1+1)
2

)2

b) LHS of P (1) = 13 = 1

RHS of P (1) =
(

1(1+1)
2

)2
= 12 = 1

Hence P (1) is true

c) Assume that P (k) is true for the positive integer k ≥ 1 i.e. 13 + 23 + · · · + k3 =(
k(k+1)

2

)2
.

d) Prove that P (k + 1) is true i.e. 13 + 23 + · · ·+ k3 + (k + 1)3 =
(

(k+1)(k+2)
2

)2
.

e) Consider

13 + 23 + · · ·+ k3 + (k + 1)3 = (13 + 23 + · · ·+ k3) + (k + 1)3

=

(
k(k + 1)

2

)2

+ (k + 1)3

= (k + 1)2

(
k2

4
+ (k + 1)

)

= (k + 1)2k2 + 4k + 4

4

=

(
(k + 1)(k + 2)

2

)2

Hence P (k + 1) is true.

f) By the principle of Mathematical Induction, P (n) is true for all positive integers
greater than or equal to 1.

4.1 # 7

a) P (0) : 3 · 50 = 3(50+1−1)
4

b) LHS of P (1) = 3 · 50 = 3

RHS of P (1) = 3(50+1−1)
4

= 3
Hence P (1) is true

c) Assume that P (k) is true for the nonnegative integer k ≥ 0 i.e.

3 + 3 · 5 + · · ·+ 3 · 5k = 3(5k+1−1)
4

.

d) Prove that P (k + 1) is true i.e.

3 + 3 · 5 + · · ·+ 3 · 5k + 3 · 5k+1 = 3(5k+2−1)
4

.



e) Consider

3 + 3 · 5 + · · ·+ 3 · 5k + 3 · 5k+1 = (3 + 3 · 5 + · · ·+ 3 · 5k) + 3 · 5k+1

=
3(5k+1 − 1)

4
+ 3 · 5k+1

=
3

4

(
5k+1 −+4 · 5k+1

)
=

3(5k+2 − 1)

4

Hence P (k + 1) is true.

f) By the principle of Mathematical Induction, P (n) is true for all nonnegative
integers greater than or equal to 0.

4.1 # 14

a) P (1) : 1 · 21 = (1− 1)21+1 + 2

b) LHS of P (1) = 1 · 21 = 2
RHS of P (1) = (1− 1)21+1 + 2 = 2
Hence P (1) is true

c) Assume that P (k) is true for the positive integer k ≥ 1 i.e.
1 · 21 + 2 · 22 + · · ·+ k · 2k = (k − 1)2k+1 + 2.

d) Prove that P (k + 1) is true i.e.
1 · 21 + 2 · 22 + · · ·+ k · 2k + (k + 1) · 2k+1 = ((k + 1)− 1)2(k+1)+1 + 2.

e) Consider

1 · 21 + 2 · 22 + · · ·+ k · 2k + (k + 1) · 2k+1 = (1 · 21 + 2 · 22 + · · ·+ k · 2k) + (k + 1) · 2k+1

= (k − 1)2k+1 + 2 + (k + 1) · 2k+1

= (k − 1 + k + 1)2k+1 + 2

= k2k+2 + 2

Hence P (k + 1) is true.

f) By the principle of Mathematical Induction, P (n) is true for all positive integers
greater than or equal to 1.

4.1 # 19

a) P (2) : 1 + 1
22 < 2− 1

2

b) LHS of P (2) = 1 + 1
22 = 5

4

RHS of P (2) = 2− 1
2

= 3
2

Hence P (2) is true

c) Assume that P (k) is true for the positive integer k ≥ 2 i.e.
1 + 1

22 + · · ·+ 1
k2 < 2− 1

k
.

d) Prove that P (k + 1) is true i.e.
1 + 1

22 + · · ·+ 1
k2 + 1

(k+1)2
< 2− 1

k+1
.



e) Consider

1 +
1

22
+ · · ·+ 1

k2
+

1

(k + 1)2
= (1 +

1

22
+ · · ·+ 1

k2
) +

1

(k + 1)2

< 2− 1

k
+

1

(k + 1)2

= 2− 1

k + 1
+

1

k + 1
− 1

k
+

1

(k + 1)2

= 2− 1

k + 1
− 1

k(k + 1)2

< 2− 1

k + 1

Hence P (k + 1) is true.

f) By the principle of Mathematical Induction, P (n) is true for all positive integers
greater than or equal to 2.

4.1 # 22 a) P (4) : 42 ≤ 4!

b) LHS of P (4) = 42 = 16
RHS of P (4) = 4! = 24
Hence P (4) is true

c) Assume that P (k) is true for the positive integer k ≥ 4 i.e.
k2 ≤ k!.

d) Prove that P (k + 1) is true i.e.
(k + 1)2 ≤ (k + 1)!.

e) Consider

(k + 1)2 = k2 + 2k + 1

≤ k! + k!k

= (k + 1)!

Hence P (k + 1) is true.

f) By the principle of Mathematical Induction, P (n) is true for all positive integers
greater than or equal to 4.


